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Abstract. In this paper we are interested in

studying of bifurcation solutions of bifurcation
equation  (nonlinear system of algebraic
equations with four or six parameters). Also, we
found a new geometrical description of the
Discriminate set(bifurcation set) with bifurcation
spreading of the number of regular solutions in
every region. In addution, we calculate the
topological indices of the solutions of the

problem.
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1. Introduction.

Equations with parameters are important
to be studied in many physical and
mathematical problems. The equations may be
written as

L(x,A\)=b, xeOcX,beyY, A€

R™. ... (1)
where L is a smooth Fredholm mapping of zero
index between Banach spaces X and Y and O is

an open subset in Y. The solutions of these

problems can be found by solving the equivalent

equation,

@(5,1):/;, Eem Bepn ...(12)

where M and N are smooth finite dimensional
manifolds.

The reduction from equation (1.1) to the
equation (1.2) (Variant local scheme of
Lyapunov-Schmidt) with the conditions that
equation (1.2) has all the topological and
analytical  properties of equation (1.1)
(multiplicity, bifurcation diagram, etc) dealing
with [4],[14],[16][17] .

In the method of finite dimensional reduction
the solutions of infinite dimensional spaces
coincide with the solutions of finite dimensional
spaces, for this reason the method became
important in modern mathematics. The system
of nonlinear algebraic equations is important in
physics , engineering, particularly in mechanical
and electrical engineering. It is important in
population growth, economy, and many other

phenomena. In recent years, there are many



Murtada J. Mohammed

Safaa A. Hammed

studies of different types of bifurcation
solutions.

In M.A. Abdul Hussain [7], studied
bifurcation periodic solutions of the following
nonlinear system of algebraic equations,

GE +EN+28,(&] +E)+ (&, &~ & 8,) +0,8, =0
S (&L +E)+28,(85 +85)— (& &5 +6,6,)+ 0,8, =0
25, (& + &) +&,(&5 +ED + anéi &, + a6, =0

28,81 +&)+ & (& +EN+AUE -&) v, &, =0

And taking the example of the following

equation
kZ
36(r——)
12 12 6
u® - =y’ =g v — ') - —
r? kr kr( ) k?r?
54 , 18
- u+——u’=0.
kr? k?r?

In M.A. Abdul Hussain [8], studied
bifurcation solutions of the following nonlinear

system of algebraic equations,
513 + 251 522 +/11 I 0

523 "‘2512 & +4,8,+0,=0.

And taking the example of the following
equation without symmetry of 1/ (x)

d“u L, 2u

d x* d x?

u(0) =u(x) =u’(0) =u"(x) =0.

+Au+ud =y,

In B.M. Darinskii, Yu.l. Sapronov and S.L.
Tsarev [3], studied bifurcation solutions and
they found bif-spreadings of the following

nonlinear system of algebraic equations,

ﬂ'l ‘51 + 513 + 2981522 =0

2 3

1,8, +2&5 &, +&, =0.

And taking the example of the following
equation with

d*p d’p
axt TPyt AP0

p(0) = p(x) = p” (0) =p” () =0.

EX v 2EEH+BrE +ArE+ 2, E+0,=0
ES+2E1E,+81EE+ 4, &, =0,

In M.J. Mohammed [11], studied
bifurcation solutions and he found the
bifurcation diagram of the following nonlinear
system of algebraic equations,

And taking the example of the following
equation with symmetry of /(x)

d'w  d°w , s
T ——+ W+ W +W =y,
d x dx

w(0) =w(z) =w" (0) =w" (7) = 0.

In M.A. Abdul Hussain [9], studied
bifurcation solutions and he found the
bifurcation set of the following nonlinear system

of algebraic equations,

513 +2§1§22 +5b§12 +4b§22 + A& +4,8,+0,=0
& +261 &, +8D& & + 2,6 44,6, =0

And taking the example of the following
equation with symmetry of /(X)
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d'w  d’w w 5,
——ta—+(BreX)WHe, — + W W =,
dx*  dx? (Brex)wee, dx v

w(0) =w(r) =w" (0) =w" (z) =0.

In A. A. Mizeal [1] , studied bifurcation
solutions and he found the bifurcation diagram
of the following nonlinear system of algebraic
equations,

512 +§22 +Z1§1 +lz§2 +0,; =0
25152 + 1351 + 1452 =0

And taking the example of the following
equation with symmetry of /(X)

d'w  d?w
+a

dx* dx?

w(0) =w() = w" (0) =w" (1) = 0.

+H(BHeX)W+e, W +W =y,

In M.A. Abdul Hussain [10], determined
the bifurcation diagram of the specified problem
of the following nonlinear system of algebraic
equations,

A1X12 +A2Xzz‘FA3X32+A4X1X3+2'1)(1_%:0
By X X, +B, X, X, + 4, X, =0

CoxX+ Coxo+ Cox2+ CyX X+ A, X, —(, =0

And taking the example of the following
equation

S dz d°z
d x* d x?
z(0)=z(z)=2"(0)=2z"(x) =0,

+pz+2°=0,

In A. K. Shanan, M.A. Abdul Hussain
[2], studied bifurcation solutions and he
determined the bifurcation diagram of the
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specified problem of the following nonlinear
system of algebraic equations,

2 2 2
AXT+HAX FA X A X X+ A X =0
B, X X, +B, X, X; + 4, X, =0
CoXX+ CoXo+ Coxo+ CyX X+ A, X, =0

And taking the example of the following
equation
d*z d*z
S—+a—+pz1+7" =0,
d x d x

2(0)=z(x)=2"(0)=2"(x) =0,

In M.J. Mohammed [12], studied
bifurcation solutions and he found the
Discriminant set of the elastic beams equation
for some values of,

16
512+€§22+ﬂ'1§1+q1 =0

5
Z'flgz"'ﬂzgz =0

And taking the example of the following
equation with symmetry of w(x)
d'w  d’w p
—ta—+fW+WW =y,
dx* dx’
w(0) =w(z) =w" (0) =w" (7) = 0.
In M.J. Mohammed [13], studied
bifurcation solutions and he found the
Discriminant set . Also, he calculated the
topological indices of the solutions of the
following nonlinear system of algebraic

equations
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2 3., 7
mn, +bn, +4,n,—q,=0
3 2, 7
ny +bnn, + 4,1, =0
And taking the example of the following

equation with symmetry of W(x)
Ty + Qg + Pz + 222 =P,

z(0) =z(1)=z"(0)=2z"(1)=0

Our goal in this paper is finding the
bifurcation diagram (Caustic) calculate the
topological indices of the solutions of the
following systems,

16
512+E§22+ﬂ'1§1+q1 =0

5 ....(1.3)

Z§1§2+12§2 +0, =0

where, _

52(51’652)’ ﬂ’ :(11112,q1,q2)€R4.
And

513 +2§15§ +5b§12 +4b§22 +46+4,6+0 =0
523 +2§12 52 +8b§1§2 +/13514”14 52 +0, =0

....(14)
where,
2 6 16 |2
6:(51'52)’ ’1:(}1'/12113’/141%’(12)6':%, b==—|-.
B\ r
2. Preliminaries
In this section, we will make some

preliminaries to show our main results.

Definition 2.1 [3]

Let X and Y be real linear Banach spaces .
Let A: X — Y be a linear continuous operator .
Then A is a Fredholm operator if the space
Ker(A) and Coker(A) =Y /Im(A) are finite

Safaa A. Hammed

dimensional . The number
ind(A) = dim Ker(A) — dim Coker(A) is
called the (Fredholm) index of the operator A.

Definition 2.2[6]

Let H:R™ - R™be a C! map. A point
Xo € R™is called a regular point of 71 if the
Jacobian D# has maximal rank min{p, q}. A
value y , € R™ is called a regular value of #
if xo is a regular point of 7 for all x €
H~1(y,). Points and values are called
singular if they are not regular.

Definition 2.3[3]

The set of all A in which equation (1.1) has
degenerate solutions is called the Discriminant
set(bifurcation set) of equation (1.1), denoted by

2.

Definition 2.4 [3]

The Discriminate set together with the
spreading of the regular solutions in the space of
parameters is called the Bifurcation diagram
(Caustic).

Definition 2.5 [5]
Nonlinear algebraic equation which are
also called polynomial equations, are defined by

equating polynomials to zero.

Definition 2.6 [5]
The general form of a system of Nonlinear
algebraic equations can be defined by the

following formula

fx)=0



Journal of Kufa for Mathematics and Computer

where f(x) is a vector function of x i.e there

are n equations can be written in expanded form

as

fi(xn, x0, %3, o xp) =

0, f2(x1,%2,%3, . Xp) =

0, ..., fu(x1, x2,x3, .. xy) =0

Where f is a vector function of Variable x.

Theorem 2.1 [3]

The point se X is a solution of the
equation L(x,4)=0 if and only if,

S:;T(iei +®(77, 1), where, 77 is a

equation ¢(77, Z) =0,

solution of
7= (%, Xy %)

3. Bifurcation Diagrams

3.1 Bifurcation analysis of nonlinear

system with four parameters
In [12] the

Discriminant set (bifurcation set) of the elastic

author found the

beams equation for some values of parameters of

nonlinear system (1.3) with symmetry that is;

Vol.2 ,No.3 ,June, 2015, pp 11-26

the function y is a symmetric with respect to

the involution | 1w (X)>w (7 —X). In this

section we study the bifurcation analysis of
nonlinear system of algebraic equations (1.3) if

the function i is not symmetric, then we have

g, #0, this means that the space of

parameters consisted of another parameter

different from the parameters ﬂ—l, /12 and ql,

which play a role in the solutions of nonlinear
system (1.3). Thus, from system (1.3), we have

the following parameterization,

16
g, = _(gl2 + Eézz + ﬂl 51)
5 ....(3.1)
g, = _(Zé:l S+ 4, 52)
To study the Discriminant set of the above

nonlinear system it is convenient to fix the value

of A, and the Bifurcation diagram (Caustic) in

the space of parameters (4;,0;,0,) can be

described by the following graph, (all figures
were drawn by Maple 13).



Murtada J. Mohammed Safaa A. Hammed

Fig. 1 Describes Caustic in the space of parameters (4,,¢,, ¢, ).

From Figure (1), we can obtain many sections in the have the following sections of Caustic as 4, and A,
plane of parameters, but we are interested only in the changes

Caustic. So by fixing the values of 4, and 4, we

2
4 i
. 0
Fig. 2: Described Caustic in the ¢ g,- plane when Fig. 3: Described Caustic in the ¢ g.- plane when
A, =0, A, €(—»,0)\[-0.7,0.7], o A, =0, 4, €[-0.7,0.7]\ {0} , or

A, =0, 4, e(—0,0)\[-1.2,1.2]. A, =0, 4, €[-1.2,1.2]\ {0} .
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Fig. 4: Described Caustic in the ¢ g»- plane when

A,=0, A, =0.

In figures (3) and (4) the complement of the
Discriminant set Q = R*\Z is the union of three
open subsets Q = Q,UQ,UQ, such that if X € Q,
then the nonlinear system(3.1) has no regular
solutions, if A € Q, then the nonlinear system(3.1)
has two regular solutions with topological indices 1, -
1 and ifA € Q, then nonlinear system(3.1) has four
regular solutions with topological indices 1,-1,1,-1. In

3.2 Bifurcation analysis of nonlinear
system with six parameters
The bifurcation solutions of nonlinear system
(1.4) when g, # O have been studied by Abdul

Hussain [9], in his work he found the Discriminant set

(bifurcation set) of the nonlinear system (1.4) with

symmetry of the function Y In this section we

studied the bifurcation analysis of nonlinear system of
algebraic equations (1.4) if the function Y is not
symmetric, then we have q, # 0, this means that the

space of parameters consisted of another parameter

different from the parameters 4, 4,,4;, 4,and 0,

figures (4), the complement of the Discriminant set is
the union of two connected open subsets Qg U Q,,
every region has a fixed number of regular solutions
such that if X € Q, then the nonlinear system(3.1)
has no regular solutions, if X € €, then the nonlinear
system(3.1) has four regular solutions with topological
indicesl,-1,1,-1.

which plays a role in the solutions of nonlinear
system (1.4). Thus, from system (1.4), we have the

following parameterization,

Q, =_(§13 +2‘§1§22 +5b§12 +4b§22 +A1§1 +2’2 52)

qa, :_(523 +2§12 52 +8b§1 sz +23 51 +l4 52)
....(3.2)

To study the Discriminant set of the above
nonlinear system, it is convenient to fix the values of

Ay, A3, A, and the Geometric description of the

caustic in the space of parameters (41201 02) is given
by the following,
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Fig. 5 Describes Caustic in the space of parameters (l, N7 ) .

Theoretically, it is not easy to find the solutions of the plane of parameters, but we are interested only in

nonlinear system (3.2), so we use program (Maple 13 the Caustic. So by fixing the values of 4, 4,, A, and

and Mathematica 6.0) to find all the solutions of ) ) )

] ) A, we have the following sections of Caustic as
nonlinear system (3.2). The maximum number of the
solutions of the nonlinear system equation (3.2) is ﬂl, /12 , /73 and A, changes,

nine. From Figure (5), we can obtain many sections in

Fig. 6: Described Caustic in the ¢; g»- plane when Fig. 7: Described Caustic in the ¢ g- plane when
A, =60, 4, =0, 4, =0, 4, =0. A,=0641,=0, 1,=0, 1, =0.64.
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Fig. 8: Described Caustic in the ¢ g»- plane when Fig. 9: Described Caustic in the ¢ g»- plane when
A,=-12,4,=0, 2,=-0.6, 1, =1. A, =-17,4,=0, 1,=0, 4, =3.84.

Fig. 10: Described Caustic in the ¢; ¢- plane when Fig. 11: Described Caustic in the ¢ ¢- plane when
A, =43, 1,=25, 4,=-15,41,=-03. A, =-534,=35 4,=-25,1,=0.7.



Murtada J. Mohammed Safaa A. Hammed

Fig. 12: Described Caustic in the ¢ g,- plane when Fig. 13: Described Caustic in the ¢ ¢,- plane when
A,=0.2505 4, =-0.3505 A, =0.2505 A, =—0.3505. A,=0.088 A, =-0.028 A,=0.172, 4, =-0.112.

Fig. 14: Described Caustic in the ¢ g,- plane when Fig. 15: Described Caustic in the ¢ ¢- plane when
A, =-07,14,=0, 1,=0,4,=0. A,=0,4,=0, 1,=0,4,=0.
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Fig. 16: Described Caustic in the ¢ ¢.- plane when
A, =-10,1,=0, 1,=0, 1, =-10.

In figures (6) and (7) the complement of the
Discriminant set Q = R°\X is the union of two open
subsets Q0 = Q, UQ3, every region has a fixed number
of regular solutions such that if A€ Q; then the
nonlinear system(3.2) has one regular solution with
topological indices -1 and if A € Q3 then equation
(3.2) has three regular solutions with topological
indices -1,1,-1. In figures (8), (9), (10) and (11). The
complement of the Discriminant set is the union of
three open subsets Q = Q,UQ;UQs such that if
A€ Q, then the nonlinear system(3.2) has one
regular solution with topological indices -1, if A € Q
then system (3.2) has three regular solutions with
topological indices -1,1,-1 and if A € Qg then system
(3.2) has five regular solutions with topological
indices -1,1,-1,1,-1. In figures (12), (13) and (14). The

11

complement of the Discriminant set is the union of
four open subsets Q = Q;UQ;UQ;UQ, such that if
A€ Q, then the nonlinear system(3.2) has one
regular solution with topological indices -1, if A € Qs
then system (3.2) has three regular solutions with
topological indices -1,1,-1, if = Qs then system
(3.2) has five regular solutions with topological
indices -1,1,-1,1,-1 and if A € Q, then system (3.2)
has seven regular solutions with topological indices -
1,1-11,-11,-1. In figures (15) and (16). The
complement of the Discriminant set is the union of
five open subsets Q = 0, UQ3UQsUQ,UQ,g such that
if A€ Q; then the nonlinear system(3.2) has one
regular solution with topological indices -1, if A € Q
then system (3.2) has three regular solutions with
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topological indices -1,1,-1, if A € Qg then system
(3.2) has five regular solutions with topological
indices -1,1,-1,1,-1, if X € Q, then system (3.2) has
seven regular solutions with topological indices -1,1,-
1,1,-1,1,-1 and if A € Qo then system (3.2) has nine
regular solutions with topological indices -1,1,-1,1,-
1,1,-1,1,-1.

4. Applications

In this section, we give two examples about the
nonlinear beams equation of the fourth order which
describe the oscillations and motion of wave on elastic
foundations. we apply the general method of
Lyapunov-Schmidt to study the bifurcation analysis of
the fourth order nonlinear ODE,

Example 4.1 Consider the nonlinear beams

equation,

d4w+adzw+ﬂw+ww” =
dx* —dx? .

o (40)

with the boundary conditions,
w(0) =w(z) =w"(0) =w"(7) =0.

Where w is the deflection of beam, w’ =

d?w

dx?

and

w=c@p(X) ( & -small parameter) is a continuous

function is not symmetric function with respect to the
involution that is; g, # 0..

Equation (4.1) can be rewritten in the form of
operator equation, that is,

O(54)=

Safaa A. Hammed

d'w  d?w
Lw,2) = Wﬂx d x2

where L: X—7Y is a nonlinear Fredholm map of index

+BW+WW (49

zero from Banach space X to Banach space Y,
X = {w(x) € c*([0,7],R):w(0) = w(m) =

w'(0) =z (1) = w4(0) = wza(m) = 0}, Y =
{w(x) € c°([0,7],R)} and w=w(x), 1 = (a,f). In
this case, the bifurcation solutions of equation (4.1) is
equivalent to the bifurcation solutions of the operator

equation,

Lw,A) =y, w €Y. (43)

Theorem 4.1 The bifurcation equation
corresponding to problem (4.1) without Symmetry of

w(x) is given by the following nonlinear system of
two quadratic equations,

- 512+?§22+/11§1+q1 2 2
BE: +o(¢)+0()0(s) =0.
15152 +4,5,+0,

Where,

E=(E.8), A=A 00,0) €RY, 8=(6,6,).

Furthermore, the solutions of the equation in (4.1)
are in one-to-one corresponding with the solutions of

the nonlinear system.

The proof of Theorem (4.1) is similar to the proof
of Theorem (2.1) in [12]; therefore , we omit it.

he Discriminant set (The bifurcation set) 2 of the

map D(E,A) is locally equivalent in the
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neighbourhood of point zero to the Discriminant set of

the map ch(g,Z) [15],

16
512 +€§22 +ﬂ'1§1+q1

5 . 1
PR

(Dl(é:’/:{):

... (449
this means that, to study the Discriminant set of the
map DP(E,A)it s the

Discriminant set of the map @ ,(&,4). The point

sufficient to study

a € E isasolution of equation (4.3) if and only if
2
azzgiei +0(,4),
i=1
where g is a solution of equation

®4(c,4)=0. ... (45)

This mean that, to study the Discriminant set of
the mapq)(g’ﬂ) it is sufficient to study the

Discriminant set of the map @ 1(5’ ﬂ') :

Example 4.2 The oscillations and motion of
wave of the elastic beams on elastic foundations can
be described by means of the following ODE,

d'w  d’w dw
PR +(,B+glx)w+32&+wz+w3 =y,
... (4.6)

with the boundary conditions,
w(0) =w(z) =w"(0) =w"(x) =0.

& & -
where “1 and “2 are small parameters indicate the

perturbation and =& ¢(x) (e — small parameter)

13
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is not symmetric function with
| -y (X) >y (7 —X)

respect to the

involution
q; *+ 0.
Suppose that L : X —Y is a nonlinear Fredholm

implies that

operator of index zero from Banach space X to
Banach space Y, where X =C*([0,7],R) is the
space of all continuous functions that have derivative

of order at most four, Y =C°([0,7],R) is the

space of all continuous functions and L is given in the
form of operator equation:
4 d 2

L(W,/l,el,gz):d—\{:l+a—v;l+(ﬂ+glx)w+
X dx
(A7) y
£ — +W +W’
dx
xel[0,z], A=(a,f). Every

solution of equation (4.7) is a solution of operator

where  w=w(x),

equation,

L(w,A,&,8,)=yv, weY. ... (4.8)

Theorem 4.2 The bifurcation equation
D& A, e,6,)=1 @ (u +0OWU,1),4,¢6,,8,) =y,

corresponding to the equation (4.8) without Symmetry
of w(x) have the following form,

(D(f,/:t) :[51 2 e +/11§1+/12§2+q1]+
523+2§12§2+8b§152+/1351+/14§2+(12
o() +0(¢f)0(0) = 0.

where,
&=(&,%,) j*:(ﬂq’ﬂz'ﬂwﬂwa’%)ERfsy
16 (2
o=(6,,0,), b="—_|—.
(6,,9,) =\

The proof of Theorem (4.2) is similar to the
proof of Theorem (2.1) in [8]; therefore , we omit it.
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The discriminant set 2. of the map CD(f,ﬂz)

is locally equivalent in the neighbourhood of point

zero to the discriminant set of the map @, (&, 4),

o (e )| TREE ISDE LD LA G G
16 A4) =
E+280 6 +BDE S, + b+ 0 6 4,

... (4.9)
this means that, to study the discriminant set of the

map CD(f, ﬂ:) it is sufficient to study the discriminant

set of the map q)l(g’ﬂ‘). The point ac€E is a
solution of equation (4.8) if and only if

a:_zzlgiei +®(é?,ﬂ_,)

where, & is a solution of equation

@, (&,4)=0.

(4.10)
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