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Abstract

In this paper, we introduce the notion of a
completely  semi  essential  fuzzy
submodule which connect between the
concept of essential fuzzy submodule and
semi essential fuzzy submodule and we
give some properties of this concept.
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1 Introduction

The concept of fuzzy sets was introduced
by Zadeh in 1965 [9]. It was first applied
in the theory of groups by Rosenfeld in
1971 [8] . The concept of fuzzy module
was introduced by Negoita and Relescu in
1975 [4]. Since then several authors have
studied fuzzy modules. The concept of
essential fuzzy submodule was introduced
by Hadi 2000[2] . In this paper Let R be
a commutative ring with unity and let
M be unitary R-module . we list some
essential

known properties of

submodules and we present some

known characterizations of essential
submodules which are relative to our
work. we introduce a completely semi
essential submodule concept. Also we

generalize some known properties of

essential fuzzy submodules to
completely semi  essential fuzzy
submodules.

2 The Basic Concepts

In this section ,we sall review some
concepts which we shall used later .

Definition (2.1) ®'Let S be a non-empty
set and | be the closed interval [0, 1] of the
real line ( real numbers). A fuzzy set Ain S
(a fuzzy subset of S) is a function from S
into | .

Definition (2.2) ® Let x;: S — [0, 1] be a
fuzzy subset of S, wherex € S, t € [0, 1]

defined by : xc(y) ={é ‘5}; o

, for

ally e S.

Xt is called a fuzzy singleton or a fuzzy
pointinS.

If x=0 and t=1 then:
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1 ify=0
0:(y) :{o if y #0

is called the fuzzy zero singleton.
Definition (2.3) ™Let A and B be two
fuzzy subsets of S .Then

, forallye S

(1) A= B if and only if A(x) = B
(x), forall x € S.

(2) AcBifandonlyif A(x) <B
(x),forallxesS.

If A S B and there exists x €S
such that A (x) < B (x), then A is
called a proper fuzzy subset of B

and written Ac B .

By part (2) we can deduce that x;SA if
and only if A(x)>t .

Definition (2.4) ™ Let A and B be two
fuzzy subsets of S .Then

1) (AnB) (X)=min {A (x), B
(x)}, forall x € S.

(2) (AuB) (x)=max {A (x), B
(X)}, forall x € S.

Where A n B and A U B are fuzzy subsets
of S.

Definition (2.5) ® I L et A be a fuzzy
subset of S, for all t € [0, 1] , the set Ai={
x € S, A(x) >t}iscalled a level subset of
A.

Remark (2.6) ® U The following
properties of a level subsets hold for each t
e [0,1]:

(1) (AN B)=Ain By,
(2) (A U B)t= At Bt and
(3) A=Bifandonly if A;=B:; .

Definition (2.7) ' Let M be an R-

module. A fuzzy set A of M is called a

fuzzy module of an R-module M if :-

(1) A(x=y)zmin {A(x), A ()},
forall x,y € M.
(2) A (x)2A (x), for all xe M

andr e R.
(3) A (0) =1(0is the zero element
of M).

Definition (2.8) '™ | et A and B be two
fuzzy modules of an R-module M . B is

called a fuzzy submodule of Aif B A.

Proposition (2.9) 1 Let N be a fuzzy

subset of an R-module M. Then the level
subset N¢,t e [0, 1] is a submodule of M
if and only if N is a fuzzy submodule of A
where A is a fuzzy module of an R-
module M .

Definition (2.10) ' If N is a fuzzy
module of an R-module M , then the

submodule N; of M is called the level
submodule of M where t € [0, 1] .

Proposition (2.1D)"  Let A be a fuzzy
module of an R-module M. Let {N. : o €
A} be a family of fuzzy submodules of A
.Then

1) (I Na] is a fuzzy
ace

submodule of A.
(2) If {No : a € A} is a chain

Then YAa is a fuzzy
acA

submodule of A .
Definition (2.12) P!

module . A proper fuzzy submodule N of

Let A be a fuzzy

A is called a prime fuzzy submodule

whenever rixx < N for fuzzy singleton r; of



Rand xx < A implies to eitherr, € (N : A)

or Xk = N, where ;

(N:A)={r: rt Ac N, r: fuzzy singleton
of R}.

Recall that a submodule P in the sense
ordinary which is called prime submodule
of an R-module M if rxeP for reR and
XEM then either xeP or re(P:M) where
(P:M)={reR:rMc P} [3].

Proposition (2.13) !
module of an R-module M and let A(x) =1

Let A be a fuzzy

for all xeM and N be a fuzzy submodule
of A,

Define N: M — [0,1] , by :

lifxeP

N(x)z{kifX gp Suchthat ke©1].

Then N is a prime fuzzy submodule of A if

and only if P is a prime submodule of M.

Definition (2.14)?

module of an R-module M and let N be a

Let A be a fuzzy

fuzzy submodule of A .Then N is called an
essential fuzzy submodule of A if NNU=0;
implies to U=01, for all fuzzy submodule
UofA.

Definition (2.15) [2]

module of an R-module M. Then a fuzzy

Let A be a fuzzy

submodule N of A is said to be a Semi
prime fuzzy submodule if rZx;EN for all

fuzzy singleton r;of R , ;€N then rxsEN
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Remark (2.16) [2]
submodule N of a fuzzy module A is a

Every prime fuzzy

semi prime fuzzy submodule of A .

Definition (2.17) B! :
module of an R-module M and N be a

Let A be a fuzzy

non-zero fuzzy submodule of A .Then N
is called a semi essential fuzzy submodule
of A if for each fuzzy prime submodule P
of A such that NNP=0; , then P=0; .

Remark (2.18)%

submodule

Each essential fuzzy
is a semi essential fuzzy
submodule .

Definition(2.19) ™

submodule B of an R-module M is called

A non-zero

a 2-semi essential submodule of M if BN
S ={0} then S={0}
prime submodule S of M.

for each a semi

Proposition (2.20) ™
essential submodule of an R-module M is

Every 2- semi

a semi essential submodule M .

Definition (2.21) @

module of an R-module M .Then a fuzzy

Let A be a fuzzy

submodule N of A is said to be a
completely prime if rixs€N , rg£0; implies
that ;€N ,,for all fuzzy singleton r; of R ,

XsCA .

Proposition (2.22)[2]

prime fuzzy submodule of a fuzzy module

Every completely

A is a prime fuzzy submodule .

3 The Maim Results

In this section we shall introduce the

definition of completely semi essential
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fuzzy submodule and shall give some

properties .

Definition (3.1) Let N be a fuzzy

submodule of a fuzzy module A of an R-
module M, N is called a completely semi
essential fuzzy submodule of A if NNC=0,
then C=0; for all completely prime fuzzy
submodule C of A .

Example (3.2) Let A be a fuzzy module of
a Z-module Z? with scalar multiplication
(a,b)r=(ar,br) defined as :

1 ifa+beZe

A(ab) = :
1/2 ifa+beZo
1 ifa,beZe
N((a,b)) =41/3 if a,b € Zo
1/4 otherwise

N is a completely semi essential fuzzy
submodule of A.

Proposition (3.3) Let A be a fuzzy

module of an R-module M and let N; and
N2 be two fuzzy submodules of A such
that N is a fuzzy submodule of N , if N;
is a completely semi essential fuzzy
submodule of A then N is a completely

semi essential fuzzy submodule of A .
Proof :

Let
submodule of A such that N.,NC=0,

C be a completely prime fuzzy

N:NC=0, (Since ngNz) .

C=01

essential fuzzy submodule of A) .

(Since Np is a completely semi

N2 is a completely semi essential fuzzy

submodule of A

Corollary (3.4) Let A be a fuzzy module
of an R-module M and let N: and N be
two fuzzy submodules of A such that Ny is
a fuzzy submodule of N, if Ni is an
essential fuzzy submodule of A then N is
essential

a completely semi fuzzy

submodule of A .
Proof :

Let C be a completely prime fuzzy

submodule of A such that NoNC=0,
N:NC=01 (Since N1EN2) .

C=01
submodule of A) .

(Since N is an essential fuzzy

Thus, Nz is a completely semi essential

fuzzy submodule of A .

Proposition (3.5) Let A be a fuzzy

module of an R-module M and let N; and
N2 be two fuzzy submodule of A , if N1 N
N, is a completely semi essential fuzzy
submodule of A then N: and N are
semi  essential

completely fuzzy

submodules of A .
Proof:

Let N1 N Ny

essential fuzzy submodule of A.

be a completely semi

Ni N N2 ©N; and Ni NN, €N,



Then N; and N, are
essential fuzzy submodules of A (By

completely semi

proposition (3.3)) .

Proposition (3.6) Let A be a fuzzy module

of an R-module M and N; are completely
semi essential fuzzy submodules of A for
all i=1,2,...,n, if there exist one of these
submodules is an essential fuzzy then
n?:1 Ni
fuzzy submodule of A .

is a completely semi essential

Proof:

If n=1 then it is true from hypothesis.
Suppose it true if n=k-1 this implies to
NXIN; is a completely semi essential
fuzzy submodule of A. Let n=k and let be
C is a completely prime fuzzy submodule
of A, such that NK,;N iNC=0;
Ni:koﬂ[n{(;ll Ni NC]=0 .where Ni=xo is an
essential fuzzy submodule of A. NKIN;
NC=0; (Since Ni=o is an essential fuzzy
submodule of A). C=0;  (NX!N; isa
completely  semi  essential  fuzzy
submodule of A ). Thus, the proof is
completed .

Proposition (3.7) Let N be a fuzzy

submodule of a fuzzy module A, if N is a
2-semi essential fuzzy submodule of A
.Then N; is a completely semi essential

submodule of M ,wheret € (0,1] .
Proof :

Let P be a completely prime submodule of
M and N{NP={0}.

P be a prime submodule of M (By
proposition (2.22)).
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_(lifxeP
Set UO)={, 1 ¢ P
XEM and k<t

, For all ke(0,1] ,

Let us take te(0,1] , Itis clear that U=P .

U is a prime fuzzy submodule of A ( By
proposition (2.13)).

Now , NiNP= NtﬂUt:{O}

(NNU)=(01): (By remark
(2.6.1))

NNU=0, (By remark (2.6.3)
)

Then U is a semi prime fuzzy submodule
(By proposition ( 2.16) ).

U=0; (since N is a 2-semi essential fuzzy
submodule of A).

Thus P=U=(0)={0}

Then N; is a completely semi essential
fuzzy submodule of M .

Proposition( 3.8) Let A be a fuzzy module
of an R-module M and let N; and N, be
two completely semi essential fuzzy
submodules of A.Then Ni U N, is a
completely  semi  essential  fuzzy
submodule of A whenever N; € N, or
N>C Ny

Proof : If N:EN»

Let C be a completely prime fuzzy
submodule of A such that :

(N1ﬂNz)ﬂC:01
N>NC=0, (since ngNz) .

C=0, (since N2 completely semi
essential fuzzy submodule of A) .

Similarly if No€Nj .

Proposition (3.9) Let A be a fuzzy module
of an R-module M and let N; and N, be
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two fuzzy submodules of A such that N is
a fuzzy submodule of Ny if N; is a semi
essential fuzzy submodule of A .Then N,

is a completely semi essential fuzzy

submodule of A .

Proof :

Let C be a completely prime fuzzy
submodule of A such that NoNC=0;

N:NC=0, (Since N1ENy) .

C is a prime fuzzy submodule of A (By
proposition (2.22) )

C=0, (Since N; semi-essential fuzzy
submodule of A).

References

[1] Abass H. H. and Al-aeashi SH.N., "
On Some Types Of Essential Fuzzy
Submodules Of

A Fuzzy Module ", Kufa University,

Msc thesis, 2011.

[2] Hadi I.M," On Some Special
Fuzzy Ideal Of A Fuzzy Ring "
Accepted in I. Soc. Of Phy. And
Math., (2000) .

[3] Hamil M.A., “ Semi Essential
Fuzzy Ideals And Semi Uniform
Fuzzy Rings” , Ibn —Al-Haitham J. for
Pure and applied Sciences Vol. 22, PP
265-273, 2009 .

[4] Kumar R., “ Fuzzy Cosets and Some

Fuzzy Radicals”, Fuzzy Sets and Systems,
Vol. 46, PP. 261-265, (1992).

[5]Majumdar S., “Theory of Fuzzy
Modules”, Eull Col. Math. Sce., Vol.
82, PP. 395-399, (1990).

[6] Mashinchi M. and Zahedi M.
M.« On L-Fuzzy Primary

Submodules 7, Fuzzy Sets and
Systems, Vol. 49, PP. 231-236,
(1992).

[7] Martinez L., “ Fuzzy Modules
Over Fuzzy Rings in Connection with
Fuzzy ldeal of Ring ”, J. Fuzzy Math.
Vol. 4, PP. 843-857, (1996).

[8] Rosenfeld .A., “Fuzzy Groups,” J.
Math. Anal. Appl., vol. 35, pp. 512-517,
1971

[91 Zadeh L. A,
Information and control” , Vol. 8, PP.
338-353, (1965) .

[10] Zahedi M. M., “A characterization of
L-Fuzzy Prime Ideals”, Fuzzy Sets and
Systems, Vol. 44, 147-160, (1991).

“Fuzzy Sets,

[11] Zahedi M. M., “On L-Fuzzy
Residual Quotient Modules and P.
Primary Submodules”, Fuzzy Sets and
Systems, Vol. 51, PP. 33-344, (1992).



Journal of Kufa for Mathematics and Computer Vol.2, no.2, Dec,2014,pp 1-7

A g il (e A Jad) dlaual) Y 30 gl
Lalai 45 8 52
rladl 3 e daad S
pid /() pand) Jaadadiil) A8 / 48 6t daaly
gyl Jadadsit)

E-mail: shukur.mobred@uokufa.edu.ig

sy Gadle

N gasall asghe Uadh o gl B
Lol 450 g2 4ad £ 58) (e Apijad) Anlpiall
uary Whely alually galie¥)  Arall
A Ae Uwye iy ile Jailadll
dudiy dgpgall Y gagall amliey aggdall
giieYly bl Guinall A el


mailto:shukur.mobred@uokufa.edu.iq

Shukur Neamah Al-aeashi



