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Abstract  

       In this paper ,we introduce the 

notions of completely semi prime ideal  

with respect to an element x  (x-C.S.P.I)  

of  a near ring  and  the completely semi 

prime ideal  near ring with respect to an 

element x (x-C.S.P.I ) .  1. The image and 

inverse image  of     x-C.S.P.I  under 

epimomorphism and the   2. direct product  

of x-C.S.P.I  near ring are studied . 

Introduction  

    N.J.Groenewald  have show several 

commutability theorems for completely 

semi prime ideal of near ring [4] .   
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1. Preliminaries   

     In this section we give some basic 

concepts that we need in the second section.   

 Definition  (1.1) [2] 

       A  left near ring is a set N together with 

two binary operations “+” and ”.” such that  

a. (N,+) is a group (not necessarily abelian ) 

b. (N, .) is a semigroup. 

c. (n1 + n2) . n3 = n1 . n3 + n2 . n3 

For all n1, n2, n3, ∈ N; 

Definition   (1.2) [3]: 

      Let N be a near-ring. A normal subgroup I of 

(N,+) is called a left   ideal of N if 

i. IN ⊆ I. 

ii. ∀ n, n1 ∈N and for all i ∈ I , 

 n.(n1 + i) – n.n1∈ I. 

Remark (1.3)  

    We will  refer that all   near rings and ideals    

in this paper are  left   . 
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Definition  (1.4) ([6] page   30   ) 

    A near ring N is Boolean if and only if  

for all xxNx  2,  

Definition  (1.5)( [ 6 ]: page  22)   

     Let Jj{Nj  be a family of near rings , J 

is  an index  set and  

  Jj all  ,:){( 


forNxxN jjj

Jj

j
} be 

the directed product of Nj with the 
component wise defined operations ‘+’ 
and ‘.’,  is 

called the direct product near ring of the 
near  rings Nj   

Definition  (1.6(  [ 1  ]    

    If I1 and  I2  are ideals of a near ring N 

then    22112121 ,: IiIiiiII  .  

Definition  (1.7) )[6 ]  page  20  ) 

  A near ring   N is called an integral 

domain if N has non -zero divisors   

Definition  (1.8)(  [ 6  ]     page   21  ) 

      Let N1 and N 2 be two near-rings. The 
mapping  

f : N1 →N2 is called a near-ring 
homomorphism if for all m, n ∈N1 

f(m + n) = f(m) + f(n)  and  f(m. n) = f(m) 
f(n). 

Theorem (1.9) (  [ 6  ]    page 23) 

     Let  21: NNf   is homomorphism 

 

 
(1) If I is ideal of a near ring N1  then f(I)  

is ideal of a near ring N2. 

       (2) If J is ideal of a near ring N2then f
-1

(J)  

is ideal of  a near ring N1. 

Definition  (1.10)   [4 ] 

       An ideal I of N is called completely 
semi prime ideal(C.S.P.I) of a near ring .if 

N.any    xfor   I  ximples 2  Ix  

Remark  ([6] page  20) 

   The Factor  near ring 
I

N   is defined as 

in case of  rings . 

Definition  (1.11 )[5] 

       Let I be an ideal of a   near ring N. Then  I 

its called  completely  prime ideal  of N  if        

  Iyor  I  ximplies  Iy   ., ,  xNyx , 

denoted by C.P.I of  N . 

2.  The main Results 

     In this section we study  completely semi 

prime ideal  with respect to the element x  

and  completely semi prime  ideal  near ring  

with respect to the element x  . 

Definition  (2.1)    

       let N be a near ring  and Nx , I is 

called  completely semi prime ideal  with 

respect to the element x denoted by (x-

C.S.P.I) or  

( x- completely semi prime ideal )of N  if  for 

all   Iy  implies  I y  xif, 2 Ny  . 
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Example  (2.2) 

      Considers  N ={0,a,b,c} be   a  near ring 

with addition and multiplication  defined 

by the following tables .  

+ 0 a b c  . 0 a b c 

0 0 a b c 0 0 0 0 0 

a a 0 c b  a a a a a 

b b c 0 a b 0 a b c 

c c b a 0 c a 0 c b 

I  ={0,a}   is  an   ideal   of N  . 

Then  

  I  is  b-completely semi prime 

ideal of  the  near ring  N . 

  I  is not 0-completely semi prime 

ideal of  the  near ring  N since 

IbutIb   b   0 2 . 

  I  is not a-completely semi prime 

ideal in near ring since 

IbutIba  b   2 . 
 
Proposition (2.3)  

         Let  
JjjI


 be a family of x-C.S.P.I  

of  a near ring N for all Jj , Nx  

.Then     
Jj

jI


is  a      x-C.S.P.I  

Proof  

Let  Ny   such that  j

Jj

Iyx 


 2      

 

 ,this implies  JjIyx j  ,2  

  JjIy j  ,   [since each Ij is a         x-

C.S.P.I  Jj ] 

  
Jj

jIy


   

   
Jj

jI


    is a x-C.S.P.I  of N 

Remark 

    If   I1 and  I2  be two x-C.S.P.I of a near ring  
N then the  ideal   I1 . I2    of N may be not 
 x-C.S.P.I 

 Example(2.4)   

        Considers    N={ 0,1,2,3} be   a  near ring 
with addition and multiplication  defined by 
the following tables    

+  0 1  2  3   . 0 1 2 3 

0  0  1  2  3 0 0 0 0 0 

 1  1  0  3  2 1 0 1 2 3 

 2  2  3  0 1 2 0 0 0 0 

 3  3  2  1 0 3 0 0 2 3 

The ideals  1I  ={0,2} and I2={0,2,3}  are         

1-completely semi prime ideal of a near 
ring  of  N  . 

    * 1I .I2 ={0}  is not 1-completely semi prime 

ideal of the near ring N [ Since 

2121

2 I .I2but    I .I01.01.2  ] 

Proposition  (2.5)  

     Let N  be a Boolean  near ring  and I be   
(C.P.I)  of N .Then I is x-C.S.P.I for all 

N xand  Ix   . 
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Proof  

   Let Ny  such that  Iyx  2  .Then 

Iyx .  [ since  N is Boolean  near ring           

(y 2=y ).Then   Iy  [ since I is     C .P.I 

of N and    Ix ].this implies I is x-

C.S.P.I . 

Proposition (2.6) 

    let N be a near ring with multiplicative 

identity e  then I  is  e  - C.S.P.I of the  

near ring N  if and only if  it is a   C.S.P.I  

of N  . 

 proof  

  

     let I be an  e  - C.S.P.I   of  N and 

  I such that   2  yNy , Iyey  22    

then  Iy   [ since I is  e - C.S.P.I ]  .This 

implies I is C.S.P.I.  

  

         To prove I is e -  C.S.P.I .  Let I be a   

C.S.P.I   of  N and Ny  such that  

 N  of   C.S.P.I -e  is I  have Then we

]. N of  C.S.P.I is I  [since

 Iy   imples  This

 .   22

2









Iyye

Iye

  

 

 
Remark 

   In general not all  completely semi prime 
ideals of a  near ring N are  x-completely semi 
prime ideals of  a  near ring where  x N  as 
in the following example .  

 Example (2.7) 

      Let N ={0,a,b,c}  be a  near ring  with 
addition and multiplication defined as   

+ 0 a b c  . 0 a b c 

0 0 a b c 0 0 0 0 0 

a a 0 c b  a 0 a a 0 

b b c 0 a b 0 a b c 

c c b a 0 c 0 0 c c 

    The ideal  I ={0,a}    is a completely semi 
prime ideal  of the   near ring N , but it is not               
a-completely semi prime ideal of  a near ring   

N. Since     Ibbut    I ba  2   . 

Proposition (2.8) 

     If  N is non zero near ring  and I={0} then I 
is not 0-.C.S.P.I of the  near ring  N . 

Proof  

    Suppose  I is 0 -C.S.P.I of  N  , since 

 0N .Then there exist  

 0y

] C.S.P.I-0 is I [since  Iy 00.y 

. 0ysuch that    

2







I

Ny

  

 and this contradiction 

 [since      not  is ]0 Iy  0-.C.S.P.I of  N . 
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proposition (2.9)  

 let I be nontrivial ideal of the near ring N 
then   I is not   0-.C.S.P.I of N . 

Proof  

    Suppose  I is 0 - C.S.P.I of N     and   

Iy   00.y   2  INylet  [since I 

is  0- C.S.P.I of N ]   IN     

  this   contradiction  [since    I    N ]     
 I is not 0- C.S.P.I of N . 

 Theorem (2.10) 

    Let N1 and N2 be two near ring , 

    21: NNf    be   epimomorphism  and 

I  be    x- C.S.P.I   of N1  such that 
If ker  .  

Then f(I ) is f(x)- C.S.P.I   of N2  . 

Proof  

    Let I   be x- C.S.P.I   of N1   
}:)({)( IiifIf   

is an ideal of N2 .To proof f(I) is a f(x)-
C.S.P.I of N2 . 

Let 2Nc such that  

1

22

22

2

Nyf(y),c ,

)().()().(

))().(().(

)().(









where

Ifyxfyfxf

yfxfcxf

Ifcxf

 

[since f is an epimomorphism]  

IyIyx  2. [since I is 

 x-C.S.P.I of  

 
N1 ] 

f(I)f(I)f(y)c   is a f(x)-C.S.P.I of N2 

theorem  (2.11)  

    Let N1 and N2 be two near ring . 

 
21: NNf    be epiomomorphism  and J   be 

a     y- C.S.P.I   of  N2    . Then f-1 (J) is     a    x- 
C.S.P.I   of N1  where y= f(x) . 

Proof  

     })(:{)( 1

1 JxfNxJf   is an ideal  of 

the near ring N1      

Jzxf

Jf









).(

)(x.

such that  NLet 

2

12

1

z

z

 

 

1

1

1

N of C.S.P.I- xis )(

)(

)(

]
2

N  of  C.S.P.I-y  J [since 

2
))(.(

2
))().((

)
2

().()
2

(

Jf

Jf

Jf

J

z

z

z

z

zz

is

fy

fxf

fxfxf

















 

Proposition (2.12) 

      If N is a near integral domain then {0} is 
 x-C.P.S.I for all  }0{\Nx  . 

     Proof  

   Let 0 }0{ , 22  yxyxNy .This 

implies 002  yy   then we have 
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}0{y  [since  N is integral demean and 

0x ].  

 Then I is a  x- C.S.P.I .  

Remark  

           If N is a near  integral domain 

.{0} may be not 0- C.S.P.I as in the 

following example  . 

Example (2.13) 

Consider the integral domain  of the integers     
Z .The ideal  I ={0} is not  C.S.P.I  of  Z .Since       

I 250  but I5  

Definition  (2.14) 

      The  near ring N is  called x- completely 
semi prime ideal  near ring denoted by (x- 
C.S.P.I near ring ),  if every ideal of a near ring 
N  is    x- C.S.P.I  of  N . 

    Example (2.15) 

  consider the  near ring in   example (2.2) 

     The ideals of N  are I1={0,a}  ,I2=N ,I3={0} are  
b - C.S.P.I of  N since 

 1,2,3i and 

Nby, ,   Iy  implies  I yb  ii

2



 Ny
 

 then   N is b- C.S.P.I near ring  . 

  Theorem (2.16) 

   Let  
JjjN


 be  a family  of a near rings, 

jj Nx  and Ij be  xj - C.S.P.I for all Jj  

.Then 
Ji

jI  is ( xj )- C.S.P.I  of the direct 

product near ring  
Ji

jN  . 

 
Proof  

    



















Jj

jjj

Jj

jj

Jj

jj

Iyy

Iy

NyLet

)(x))((x

))((x

such that  )( 

2

j

2

j

2

j  

IPSCI

Iy

IPSCIceIy

forIy

Jj

j

Jj

jj

jjj

jj

...)(x is 

)(

]...  xis each  [sin

Jj all ,x

j

j

2

j

















 

Corollary  (2.17 ) 

Let   JjN j   be  a family  of         jx - C.S.P.I  

near rings  where  jj Nx   for all Jj  .Then 

the product near ring  
Ji

jN   is   ( xj )- C.S.P.I. 

Proof  

    Let I be an ideal of the product near ring  


Ji

jN  there exist a family of ideals  

 
JjjI


such that  




Jj

jII and each Ij is an 

ideal of a near ring Nj ,for all  Jj each Ij 

  xj  - C.S.P.I  of Nj , ,for all Jj .[since Nj is   xj  - 

C.S.P.I  ,for all Jj ]. 

Now by proposition (2.16)  

 We have IPSCII
Jj

j ...)(x is   j 


 

Of the product near ring 



Jj

jN  is a 

IPSC ...)(x j   near ring  
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 Corollary (2.18)  

      Let I be an ideal of the x- C.S.P.I     
near ring N.Then the factor near ring 

I
N  is      x+I - C.S.P.I   ring . 

proof  

  The natural homomorphism 

I
NN: nat I  which is defined by natI 

(a) =a+I , for all Na  

Is an  epimomorphism .Now let J be an 

ideal of the factor near ring 
I

N  .Then 

by theorem (2.11) we have )(
1

JnatI


is 

an ideal of the near ring 

N. )(1 JnatI

 is a x-C.S.P.I of N  [since 

N is x-C.S.P.I near ring .By theorem (2-

12) we have JJnatnat I  ))(( 1 is natI 

(x) -C.S.P.I of  
I

N J is x+I –C.S.P.I  of  

factor near ring .Then 
I

N  is x+I - 

C.S.P.I   ring. 

 
Remark 

       When N is  a ring all our results  are true 
since our definitions dependent on the 
multiplication  . 
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 الخلاصت 

قذمنا في هذا البحث مفهىمين جذيذين هما المثاليت  الشبه الأوليت حامت  بالنسبت لعنصز   في الحلقت القزيبت والذي        

الصىر المباشزة  ومعكىس  ناكما درس  xوايضا الحلقت القزيبت الشبه حامت بالنسبت للعنصز  (x-C.S.P.I)يزمز لها 

ححج الخشاكل الشامل وحاصل الضزب الذيكارحي للحلقاث القزيبت الشبه حامت بالنسبت   (x-C.S.P.I) الصىر للـمثاليت 

 .  xللعنصز 

 


