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Abstract

In this paper ,we introduce the
notions of completely semi prime ideal
with respect to an element x (x-C.S.P.I)
of anearring and the completely semi
prime ideal near ring with respect to an
element x (x-C.S.P.l1) . 1. The image and
inverse image of x-C.S.P.lI under
epimomorphism and the 2. direct product

of x-C.S.P.1 near ring are studied .
Introduction

N.J.Groenewald have show several
commutability theorems for completely

semi prime ideal of near ring [4] .
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1. Preliminaries

In this section we give some basic
concepts that we need in the second section.

Definition (1.1) [2]

A left near ring is a set N together with
two binary operations “+” and ”.” such that

a. (N,+) is a group (not necessarily abelian )
b. (N, .) is a semigroup.
c.(n1+n2).n3=n1.n3+n2.n3

For all n1, n2, n3, € N;

Definition (1.2) [3]:

Let N be a near-ring. A normal subgroup | of
(N,+) is called a left ideal of N if

i.INCSI.
ii.,vn,neNandforalliel,

n.(ny +i)—n.n;e |.

Remark (1.3)

We will refer that all near rings and ideals

in this paper are left .
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Definition (1.4) ([6] page 30 )

A near ring N is Boolean if and only if
forall xe N,x? =x

Definition (1.5)([ 6 ]: page 22)

Let {Nj}

is an index set and

iy be afamily of near rings, J

TIN; ={(x)):x; eN,, for all jeJ} be
jed
the directed product of N; with the
component wise defined operations ‘+’
and ‘’, is

called the direct product near ring of the
near rings N;

Definition (1.6) [1 ]

If I; and I, are ideals of a near ring N
then |,-1,={i,i,:i,el,i,el,}.

Definition (1.7) ([6 ] page 20 )

A near ring N is called an integral
domain if N has non -zero divisors

Definition (1.8)( [6 ] page 21 )

Let N; and N , be two near-rings. The
mapping

f : N N, is called a near-ring
homomorphism if for all m, n eN;

f(m + n) = f(m) + f(n) and f(m. n) = f(m)
f(n).

Theorem (1.9)( [6 1 page 23)

Let f:N, —> N, is homomorphism

(1) If I'is ideal of a near ring Ny then f(I)
is ideal of a near ring N,.
(2) If J is ideal of a near ring Nothen f(J)
is ideal of a near ring Nj.

Definition (1.10) [4]

An ideal | of N is called completely
semi prime ideal(C.S.P.l) of a near ring .if
x* elimples x el forany xeN.

Remark ([6] page 20)

The Factor near ring N/ is defined as

in case of rings.

Definition (1.11)[5]

Let | be an ideal of a near ring N. Then |
its called completely prime ideal of N if
vx,ye N,xy el implies xeloryel ,
denoted by C.P.1 of N.

2. The main Results

In this section we study completely semi
prime ideal with respect to the element x
and completely semi prime ideal near ring

with respect to the element x .

Definition (2.1)

let N be a near ring and xeN, | is
called completely semi prime ideal with
respect to the element x denoted by (x-
C.S.P.l) or
( x- completely semi prime ideal Jof N if for
all ye N,if x-y?el implies y el
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Example (2.2)

Considers N ={0,a,b,c} be a near ring
with addition and multiplication defined
by the following tables .

+ | 0|a|b|c . |0la|b]|c

0(0|a|bjc 0/0|0(0]|O0

ala|0|c|b alalala]a

b|b|c |0]a b|({0|a|b]|c

clc|bja]|o0 cla|0|c|b

| ={0,a} is an ideal of N .

Then

e | is b-completely semi prime
ideal of the nearring N.

e | isnot0-completely semiprime
ideal of the near ring N since
0-b*elbut bel.

e | isnota-completely semiprime
ideal in near ring since

a-b’elbut begl.

Proposition (2.3)

Let {Ij}jEJ be a family of x-C.S.P.I

of a near ring N for all jeJ, xeN
.Then N, isa x-C.S.P.

jed
Proof

let yeN suchthat x-y’e() I,

jed

;thisimplies x-y*el;,VjeJ

= yel;,Vjel [sinceeachl;isa X-
CS.PI Vjeld]

= ye[l;

jed
= (I, isax-CS.P.I of N
jed
Remark

If 1Iyand |, be two x-C.S.P.I of a near ring
N then the ideal I;.1l, of N may be not
x-C.S.P.l

Example(2.4)

Considers N={0,1,2,3} be a near ring
with addition and multiplication defined by
the following tables

+ 0|1 |2 (3 . /0|12 |3
0 |0 |12 3 0| 0|0 (0O
11,032 1 /0 1|2 |3
212|301 2 /0 0|0 |O
313|12]1]0 3|00 (2 |3

The ideals |, ={0,2} and 1,={0,2,3} are
1-completely semi prime ideal of a near
ring of N .

* 1,.1, ={0} is not 1-completely semi prime
ideal of the near ring N [ Since
1.2 =1.0=0¢€l.1, but2el,.l,]

Proposition (2.5)

Let N be a Boolean near ring and | be
(C.P.I) of N .Then I is x-C.S.P.l for all
XxglandxeN .
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Proof

Let Y€ N such that x.y2c| .Then
Xy el [ since N is Boolean near ring
(y?=y).Then Yyel [sincelis C.P.I

of N and
C.S.P.l.

X & | ].this implies | is x-

Proposition (2.6)

let N be a near ring with multiplicative
identity e’ then | is ¢’ - C.S.P.l of the
near ring N if and only if itisa C.S.P.l
of N .

proof
=

let | be an e - CS.P. of N and
ye N suchthat y* el ,y*=¢-y* el

then yel [sincelis e'-C.S.P.I] .This
implies l is C.S.P.l.

=

To prove lis ¢'- C.S.P.I. Letlbea
C.S.P.I of Nand y € N such that

e-y*el

e-yi=y*el .

This imples yel

[since 1isC.S.P.I of N].

Then wehave lis ¢'-C.SP.I of N

Remark

In general not all completely semi prime
ideals of a near ring N are x-completely semi
prime ideals of a near ring where xe N as
in the following example .

Example (2.7)

Let N ={0,a,b,c} be a near ring with
addition and multiplication defined as

+|10|a|bjc . |0 ]a|b|c
0|0 |a|b]c 0O|0|0|0O]O
ala|0]|c|b a|0]a|a]|O
b |b|c |0 ]a b |0 |a|b|c
c |c|bj|a |0 c |00 |c |c

The ideal | ={0,a} is a completely semi
prime ideal of the nearring N, but it is not
a-completely semi prime ideal of a near ring

N.Since a-b’el but bel

Proposition (2.8)

If Nis non zero near ring and I1={0} then |
is not 0-.C.S.P.l of the nearring N.

Proof

Suppose | is O -C.S.P.I of N , since
N = {0} .Then there exist

ye N suchthaty=0.

0y*=0el=yel [sincelis0-C.S.P.1]
=y=0

and this contradiction

[since y#0]=lisnot 0-.C.S.P.Iof N.
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proposition (2.9) N1 ]

let | be nontrivial ideal of the near ring N = c="f(y)ef(l)=f(l) is a f(x)-C.S.P.I of N,

then lisnot 0-.C.S.P.IofN.
theorem (2.11)

Proof
Let N1 and N, be two near ring .

Suppose lis0O-CS.P.lof N and
f :N; — N, be epiomomorphism andJ be

let ye N=0y’=0el =yel [since | a y-CSPI of N .Thenfl())is a x-
is 0-CS.P.lofN] =N C.S.P.I of N; where y=f(x) .
this contradiction [since I < N] Proof

=1lisnot0- C.S.P.Iof N.
f’l(J) ={XxeN,: f(x) e J}isanideal of

Theorem (2.10) the near ring N;
Let N; and N, be two near ring, Let z € N, such that
f N, > N, be epimomorphism and x2* e £7(J)
| be  x- CS.P.I  of N; such that = f(xz*)el
kerf <1 .

2\ 22
Then f(l) is f(x)- C.S.P.l of N . f(x-2%) = f(x).f(z7)

2
— £ 0).(f
Proof (0-(f(2)
— (@)% e
Let | be x- C.S.P.l of Nj ; 3
F(1)={f(i):iel} = f(J)e
[since Jisy-C.S.P.l of N2]
is an ideal of N, .To proof f(l) is a f(x)- £
CS.P.IOFN, . =z2e17(J)

— f7(J)isx-C.S.P.1 of N,
Let ¢ € N,such that

f(x).c®e f(l) Proposition (2.12)

= f(x).c’ = f(X).(f(y))?

(x) , (x)-( (Zy)) If N is a near integral domain then {0} is
=f(x).f(y")=f(xy?)ef(l) x-C.P.S.Iforall xe N\{0} .
,Wherec=1(y),ye N,

Proof
[since f is an epimomorphism]
Letye N, x-y* e{0}= x-y? =0.This

2 . .
= Xy“el=yellsince 1S implies y*=0=y=0 then we have

x-C.S.P.| of
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y €{0} [since N is integral demean and
x=0].

Thenlisa x- C.S.P.l.
Remark

If N is a near integral domain
{0} may be not 0- CS.P.I as in the
following example .

Example (2.13)

Consider the integral domain of the integers
Z .The ideal 1={0}is not C.S.P.l of Z.Since

0-52¢l but5¢ |

Definition (2.14)

The near ring N is called x- completely
semi prime ideal near ring denoted by (x-
C.S.P.l near ring ), if every ideal of a near ring
N is x-C.S.P.I of N.

Example (2.15)

consider the nearring in example (2.2)

The ideals of N are 1,={0,a} ,I,=N,I;={0} are
b - C.S.P.l of N since
vyeN b-y*el, implies yel, ,ybeN
andi € {1,2,3}

then Nis b- C.S.P.lI near ring .

Theorem (2.16
Let {Nj}jeJ
X; € N;and I; be x; - C.S.P.I for all jeJ
.Then Hli is ( x; )- C.S.P.I of the direct

iel
product near ring H Nj .

ied

be a family of a near rings,

Proof

Let (y;) € [ [N, such that
jed
(Xj)(yj)ZEHIj
jed
:(Xj)(yj)zz(xjyjz)er[lj
jed
=xy,°el,, forall jel
=y, elj[sinceeach I;is x;-C.S.P.I]
:>(yj)el_[|j
jed
=]]1,is(x;)-CS.P.I

jed

Corollary (2.17)

Let {Nj}j €J be afamily of X;- C.S.P.I
near rings where X; € N; for all j€J .Then
the product near ring H Nj is (x;)-C.S.P.l.

ied

Proof

Let | be an ideal of the product near ring
H N, = there exist a family of ideals

iel

{lj}jEJ such that | :HIJ and each |, is an
jed

ideal of a near ring N; forall jeJ = each]|,

x; - C.S.P.I of N;, ,forall jeJ .[since Njis ¥ -
CS.P.l forall jeJ].

Now by proposition (2.16)

Wehave JTI, =1 is(x;)-CS.P.I

jed

Of the product near ring =TIN, is a
jed

(X;)—C.S.P.l nearring
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Corollary (2.18)

Let | be an ideal of the x- C.S.P.|
near ring N.Then the factor near ring

N/is x+l - C.S.P.l ring.

proof

The natural homomorphism
nat,: N — I\%which is defined by nat,

(a) =a+l, forall ae N

Is an epimomorphism .Now let J be an
ideal of the factor near ring |\% .Then

by theorem (2.11) we have nat,fl(J)is
an ideal of the near ring
N.=> nat,;*(J)is a x-C.S.P.I of N [since
N is x-C.S.P.I near ring .By theorem (2-
12) we have nat(nat;*(J))=Jis nat

(x) -C.S.P.I of '\%:H is x+| —C.S.P.| of

factor near ring .Then N% is x+l -

C.S.P.l ring.

Remark

When N is a ring all our results are true
since our definitions dependent on the
multiplication .
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