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Abstract

In this paper ,we introduce the concept of
fuzzy semi compact and fuzzy semi
coercive mappings in fuzzy topological
spaces ,Wediscuss several
characterizations and some interesting
properties of these mappings. Also, we
explain the relation between fuzzy semi
compact mapping and fuzzy semi coercive

mapping.
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Introduction

The concept of fuzzy set and fuzzy set
operations were first introduced by Zadeh
[13] in 1965. Several other authors applied
fuzzy sets to various branches of
mathematics. One of these objects is a
topological space. At the first time in
1968, Chang in [2] formulated the natural
definition of fuzzy topology on a set and
investigated how some of the basic ideas
and theorems of point-set topology behave
in generalized setting. Chang’s definition
on a fuzzy topology is very similar to the
general topology by exchange all subsets
of a universal set by fuzzy subset but this
definition is not investigate some
properties if we comparison with the
general topology. For example in a general
topology, any constant mapping is
continuous while this idea is not true in
Chang’s definition on fuzzy topology. One
of the very important concepts in fuzzy
topology is the concept of mapping. There
are several types of mapping. The purpose
of this paper is to introduced and study the
concept of fuzzy semi compact and fuzzy
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semi coercive mappings in fuzzy setting
and explain the relation between them.

§ 1. Preliminaries

we present some fundamental definitions
and propositions which are needed in the
next sections.

Definition (1.1) [13]

Let X be a non-empty set and let I be
the unit closed interval, i.e., I=[0,1]. A
fuzzy set A in X is a function from X into
the unit closed interval I (i.e., A: X — I be
a function). A(x) is interpreted as the
degree of membership of element x in a
fuzzy set A for each x € X. A fuzzy set A
in X can be represented by the set of pairs:
A ={(x,A(x)): x € X}. The family of all
fuzzy sets in X is denoted by I*.

Remark (1.2)[7]

(a) The empty fuzzy set is a fuzzy set has
membership defined by 0(x) = 0,for all
x € X. The empty fuzzy set on a set X
denoted by 0y.

(b) The universal fuzzy set is a fuzzy set
has membership defined by 1(x) = 1,for
all x € X. The universal fuzzy set on a set
X denoted by 1y.

Definition (1.3)[2]
Let A and B be fuzzy sets in a set X.
Then we put:
(@ A =B ifandonlyif A(x) = B(x),
forall x € X.

(b) A < B if and only if A(x) < B(x), for
all x € X.

(c) Z=AVB if and only if Z(x) =
max{ A(x), B(x)}, forall x € X.
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(d) D=AAB if and only if D(x) =
min{ A(x), B(x)}, forall x € X.

(e) E = A¢ifand only if

E(x) = 1—A(x), forall x € X.

Remark (1.4) [5]
Let A and B be fuzzy sets in a set X,
then AAB < A and AAB < B.

Definition (1.5) [6]

For any family A = { A;:j €] }of
fuzzy sets in X, the union, V;¢; A; and the
intersection, Aje; A; are defined by:

VjejAj(x) =sup{4;(x):j €]}, x €X.

Ajey A;(x) = inf{A;(x):j €]}, x € X.

Definition (1.6)[1]

Let X and Y be two non-empty sets,
f:X — Y be a mapping. For a fuzzy set B
in Y with membership mapping B(y) .
Then the inverse image of B under f,
written as f~1(B), is a fuzzy set in X
whose membership mapping is defined by:

f~Y(B)(x) = B(f(x)) forall x € X.
(ie., f~1(B) = Bof)

Conversely, let A be a fuzzy set in X with
membership mappingA(x). The image of
A under f written as f(A4), is a fuzzy set in
Y whose membership function is given by:

fA»)

sup A(z), if fTr) =0
={zef1(y)
0, if f7') =0

forall y € Y, where

frO) ={x:f(x) =}

Definition (1.7)[4,11]
A fuzzy point (singleton) in X is a
fuzzy set in X defined by:

(" if y=x
Xr (y)_{O, otherwise,

For each x € X, the single point x is called
the support of x,. and r € (0,1] its value.
We denote the class of all fuzzy points in
X by FP(X). A fuzzy point x,. is said to be
contained in a fuzzy set A or x,- belongs to
A, ie,x.€Aif and only if r < A(x).
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Two fuzzy points x, and y, in X are said
to be distinct if and only if their supports
are distinct.

Definition (1.8)[9]

A fuzzy set A in X is called quasi-
coincident (in short g-coincident) with a
fuzzy set B in X, denoted by AgB if and
only if A(x) + B(x) > 1, for some x € X.
Otherwise if A(x) + B(x) <1, for every
x € X, then A is called not g-coincident
with B and it is denoted by AGB.

Lemma (1.9) [7]

Let A, B and C be fuzzy sets in X,
{4;:j € J}be a family of fuzzy sets in X,
and x,. be a fuzzy point in X. Then:

(@) If AAB = 0y, then AgB.
(b) AgGB ifand only if A < B°.

Proposition (1.10) [4]

Let x, be a fuzzy point in X and A be
any fuzzy subset of X. Then x,. € Aif and
only ifx,gA°".

Definition (1.11) [2]

Let X be a set.A fuzzy topology on X
is a family T of fuzzy sets in X, which
satisfies the following conditions:

(1)0x,1x €T,

(2)IfA,B €T,then AAB €T,

(3)If A; € T foreachj € J,
then Ve, A; €T.

T is called a fuzzy topology for X, and
the pair (X, T) is called a fuzzy topological
space (in short fts) and X is called fuzzy
space. Every member of T is called a
fuzzy open set. A fuzzy set is called fuzzy
closed if and only if its complement is
fuzzy open.

Definition (1.12) [6]

A fuzzy set A in an fts (X, T) is called
a fuzzy quasi-neighborhood (in short g-
nhd) of a fuzzy point x,- in X if and only if
there exists B € T such that x,.qB and
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B < A. The family of all fuzzy g-nbds of
x, is called the system of fuzzy g-nbds of

x, and it is denoted by N.2.

Definition (1.13) [8]

An fts (X, T) is called fuzzy Hausdorff
or fuzzy T,-space if and only if for any
pair of distinct fuzzy points x,., y, in X,
there exists A € N2, B € N2 such that

ANB=0y.

Definition (1.14)[7]

Let A be a fuzzy setin X and T be a fuzzy

topology on X. Then the induced fuzzy
topology on A is the family of fuzzy
subsets of A which are the intersection
with A of fuzzy open set in X . The
induced fuzzy topology is denoted by T, ,
and the pair (A,T,) is called a fuzzy
subspace of X .

Definition (1.15) [7]

Let (X,T) be a fuzzy topological space
and € IX . Then :

(i) The union of all fuzzy open sets
contained in A is called the fuzzy interior
of A

and denoted by A° . i.e.
A’=V{B:B<ABET).

(ii) The intersection of all fuzzy closed
sets containing A is called the fuzzy
closure

of A and denoted by 4. i.e.,

A=A{B:A<B,B° €T}

Remarks(1.16) [7]

(i) The interior of a fuzzy set A is the
largest open fuzzy set contained in A and
trivially , a fuzzy set A is fuzzy open set if
and only if A =A",

(ii) The closure of a fuzzy set A is the
smallest closed fuzzy set containing A and
trivially , a fuzzy set A is fuzzy closed if

andonlyif A=A4.
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Proposition (1.17) [12]

Let x,- be a fuzzy point in X and A be

any fuzzy set in an fts (X,T), thenx, € A
if and only if BqA for every fuzzy open set
B in X such that B is g-coincident with x;..

Definition (1.18) [2]

A mapping f from an fts (X,T) into
an fts (Y, T) is called fuzzy continuous if
and only if the inverse image of each
fuzzy open set inY is a fuzzy open set in
X.

Example (1.19)

Let (X, T) be an fts, then the identity
mapping idy: (X,T) — (X,T) is fuzzy
continuous.

Proposition (1.20) [7]

Let X and Y be fuzzy spaces, and
f:X—Y be a mapping, then the
following statements are equivalent:

(@) f is fuzzy continuous.

(b) The inverse image of each fuzzy closed
setinY is fuzzy closed in X.

(c) For each fuzzy set B in'Y,

f~Y(B) < f(B).

(d) For each fuzzy set A in X,
f(A) < f(A).

(e) For each fuzzy set B in'Y,

fHBY < (FHB))

Definition (1.22) [6]

A mapping f from an fts (X,T) into
an fts (Y, T") is called fuzzy closed (fuzzy
open) if f(A) is a fuzzy closed (fuzzy
open) set in Y for each fuzzy closed set
(fuzzy open set) A in X.



Habeeb Kareem Abdulla

Zainab Omran Musa

Definition (1.23) [6]

A fuzzy set A in an fts X is called
fuzzy semi-open if there exists a fuzzy

open subset O of X such that 0 < A < 0.
The complement of a fuzzy semi-open set
is defined to be fuzzy semi-closed.

Proposition (1.24) [6]
A fuzzy subset A in an fts X is fuzzy
semi-open if and only if A < A°.

Remarks (1.25) [6]

(a) Every fuzzy open set is fuzzy semi-
open.

(b) Every fuzzy closed set is fuzzy semi-
closed.

The converse of a and b of Remark
(1.25), are not true in general as the
following example.

Example (1.26)

Let A, B, C and D be fuzzy sets of
X ={a,b,c} defined as follows:

A= { Ap.4 ) b0.4- ) Co.3 }
B ={ag.4.bo3:Co2}
C= { as , bos , cos 1}
D ={ay.6,b0.4:C0.6}

Consider the  fuzzy  topology

T ={04,15 , A, B}. Notice that C is a
fuzzy semi-open set, but it is not fuzzy
open. Also D is a fuzzy semi-closed set,
but it is not fuzzy closed.

Definition (1.27)[4]

Let A be a fuzzy set of an fts X. Then
the fuzzy semi interior of A, denoted by
A’S, is the union of all fuzzy semi open
sets in X which are contained in A.lt is
evident that A is fuzzy semi open if and

only if A°° = A.

Definition(1.28) [6]

Let A be a fuzzy set of an fts X. Then
the fuzzy semi-closure of A, denoted by

ZS, is the intersection of all fuzzy semi-
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closed subsets of X containing A. It is
clear that A is fuzzy semi-closed if and

onlyifA=24".

Proposition (1.29) [6]

For fuzzy sets A and B in an fts X.
Then the following hold:

@IfA<B,thend <B .
S

() 4" =4,
(C)AAB <A AB .
(d)AVB =A'VE .

Definition (1.30) [3]

A fuzzy set A in an fts X is called a
fuzzy semi quasi-neighborhood of a fuzzy
point x,. if there exists a fuzzy semi open
set B in X such that x,.gB < A. The family
of all fuzzy semi g-nbds of x, is called the
system of fuzzy semi g-nbds of x,- and it is

denoted by N2°.

Remark (1.31)[3]

Every fuzzy g-nbd subset of an fts X is
a fuzzy semi g-nbd.

Proposition (1.32)

If Ais a fuzzy set in an fts X and x,.is

a fuzzy point in X, then x, € 4_ if and
only if BqA for every fuzzy semi open set
B in X such that B is g-coincident with
Xy

Proof :

= Suppose that B is a fuzzy semi
open set in X such that x,.gB and gB , then
A < B¢ . But x, € B°(since x,qB , then
r > B¢(x)) and B¢ is a fuzzy semi closed

setinX . Thusx, € 4 .

& Letx, ¢ 4 , then there exists a
fuzzy semi closed set B in X such that
A <B and x, € B, therefore r > B(x) ,
hence x,.qB¢ and B¢ be a fuzzy semi open
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set in X . Since < B, then by lemma
(1.9,b) , AGBC .

Definition (1.33) [10]

A mapping f from an fts X into an fts
Yis said to be:

(a) fuzzy semi continuous if f~1(4) is a
fuzzy semi open set in X, for each fuzzy
opensetAinY.

(b) fuzzy semi irresolute if f~1(4) is a
fuzzy semi open set in X,for each fuzzy
semi opensetAinY.

§ 2. Fuzzy Compact and Fuzzy Semi
Compact Space

This section contains the definitions ,
proportions and theorems about fuzzy
compact space and fuzzy semi compact
space and we give a new results .

Definition (2.1) [6,8]

A mapping §: D —FP(X) is called a
fuzzy net in X and is denoted by
{S(n):n € D}, where D is a directed set.
If S(n)=x; for each ne D, where
x€X,neD and n, € (0,1], then the
fuzzy net i is denoted as {x;. :n € D} or

simply {x7. }.

Definition (2.2) [6,8]

A fuzzy net 8 ={y;.:m € E} in X is
called a fuzzy subnet of a fuzzy net
={x:neD} if and only if there
exists a mapping f: E — D such that :
1.8=%Fof, that is, & = Fp(; for each
i€E.

2. For each n e D there exists some

m € E such that, if p € E with p > m,
then f(p) = n.

We shall denote a fuzzy subnet of a
fuzzy net {x}:n €D} by LS,

Tf(m)'m €
E}.
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Definition (2.3)[6]

Let (X,T) be an fts and ¥ ={x;}:n €
D} be a fuzzy net in X and A be a fuzzy
setin X. Then & is said to be:

(a) Eventually with A if and only if
3m € D, suchthat x! g4, Vn = m.

(b) Frequently with A if and only if
vn € D,3Im €D, withm = n, such that
X7 qA.

Definition (2.4) [8]

Let (X, T) be an fts, x,, € FP (X) and
let ¥ = {x;:n € D} be a fuzzy net in X.
Then:

(i)x, is called a cluster point of a
fuzzy net &, denoted by & « x,., if for

each 4 € N2, § is frequently with A.

(i) is said to be convergent to x,
and x,. is called a limit point of &, denoted
by §—x,, if for each A€ N2, § is
eventually with A.

Example (2.5)

Let X ={a}, A(a) = g be a fuzzy set
in X, and T ={0y, 1x, A(a)} be a fuzzy
topology on X . Define a fuzzy net
&: (N, =) —FP(X) as follows:

§={al, af, ai,

3 2 3

af, ...... }, then & o< a1,
2 2
because arqA, where n =1, 3,5,.... But

2
argA, where n =2,4,6,.... Thus & is not
3
convergent to aa.
2

Proposition (2.6) [8]

A fuzzy point x,. is cluster point of a
fuzzy net & = {x, : n € D} if and only if
it has a fuzzy subnet which is convergent
to x;-.
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Proposition (2.7) [5]

If x, € FP(X) and A be a fuzzy set in

X.then x, € A if and only if there exists a
fuzzy net § ={x; :n € D}in A, such that
it’s convergent to x,..

Proposition (2.8) [5]

An fts X is fuzzy T,-space if and only
if every converges fuzzy net & on X has a
unique limit point.

Definition (2.9) [10]

Let (X,T) be an fts, x,, € FP (X) and
let ¥ = {x;.:n € D} be a fuzzy net in X.
Then:

()x, is called a semi cluster point of a
fuzzy net &, denoted by & «<* x,., if for

each A € N2°, & is frequently with A.

(ii)% is said to be semi convergent to
x, and x,. is called a semi limit point of &,
denoted by § > x,, if for each 4 € NZ°, &
is eventually with A.

Proposition (2.10) [10]

A fuzzy point x,. issemi cluster point
of a fuzzy net § = {xz, : n€ D} if and
only if it has a fuzzy subnet which is semi
convergent to x,..

Proposition (2.11)

Ifx, € FP(X) and A be a fuzzy set in
X then x, € ZS if and only if there exists a
fuzzy net & ={x;} :n € D}in A, such that
it’s semi convergent to x,..

Proof :

= Letx, €4, then BqA for each fuzzy
semi open set B in X such that x,.gB. That
is, there exists rz € (0,1] , such that
xp € Aand xf qB. Let D = N,?TS. Then
(D,>) is a directed set under the
inclusion relation so we can define a
fuzzy net N2 — FP (X) given by
F=xE,vBeNY . Then & is a fuzzy
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net in A. Now, let P € N2, such that
P = B iff P < B, so there exists a fuzzy
net {x7,}, . or such that xf qP . Then

r

S
xf,qB. SO F = X,

< Let & be a fuzzy net in A, such that

T 5 x,-, and let B be a fuzzy semi open set
in X, such that x,.qB, then vneD,
3m € D such that x7} gB withn = m and
s0 BgA for each fuzzy semi open set B in
X, such that x,.gB . Thus by Proposition

(1.32),x, €A .

Corollary (2.12)

If x, € FP(X) and A be a fuzzy set in
X,then x, € A if and only if there exists a
fuzzy net § ={x7 :n € D}in A, such that
& < x,..

Proof :
=By proposition (2.11).

—Let & be a fuzzy net in A, such that
& «® x,, and let B be a fuzzy semi open
set in X, such that x,qB, thenVvm € D,
3n € D such that x;2 gB with n > m and
S0 BqA for each fuzzy semi open set B in
X, such that x,.gB. Thus by proposition

(1.32),x, €A .

Definition (2.13)

An fts (X,T) is called fuzzy semi
Hausdorff or fuzzy semi T,- space if and
only if for any pair of distinct fuzzy points

X, Vs In X, there exists A € N,?rs, B € N;,QSS
such that AAB = 0y.

Proposition (2.14)

An fts X is fuzzy semi T,-space if and
only if every semi converges fuzzy net §
on X has a unique semi limit point.

Proof :

= Let & be a fuzzy net in X, such that

& 5 x, and ¥ 5 ys, such that x # y. Since
S

> x,,, we have for each A € N2°, there
exists m € D, such that x;lnqA, vVn=m.
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Also, since & 5 v, we have for each
B € N, there exists k € D, such that
Xz qB, ¥ n = k. Since (D, >) is a directed
set, then there exists p € D, such that
p=mand p =k, then x qA, Vn=p
and x7 qB, V¥ n = p, therefore AAB # Oy
for each A € N° and for each B € Nfsf,
thus X is not a fuzzy semi T,-space.

& Let X be not a fuzzy semi T, -space,
then there exists x,., y; € FP(X), such that

x#y and AAB #0x , VA€ NZ and
VB € Ny’.

Put N2, ={ AAB : A € N2’ and

B € N},

Thus VF €N, , 3xfqF . Then
{erF}FEN)?;yS is a fuzzy net in X.To prove

S S
xf. > x.and xf -y LetE € N,?rs, then

EeN®, (E=EAly) . Thus xfqE

S S
V F <E, hence x;, - x,. Also xf_ — s,
SO {fo}FENQ has two semi limit points.

xXrys

Definition (2.15) [2]

A family Q of fuzzy sets is a cover of a
fuzzy set A if and only ifA < V{G;:G; €
Q} and it is called a fuzzy open cover if
and only if Q is a cover of A and each
member of Q is a fuzzy open set. A
subcover of Q is a subfamily of Q which is
also a cover of A.

Definition (2.16) [6]

Let A be a fuzzy set in an fts X. Then
A is said to be fuzzy compact if for every
fuzzy open cover of A has a finite
subcover of A .Also, an fts X is called
fuzzy compact if every fuzzy open cover
of X has a finite sub cover.

Example (2.17)

The indiscrete fuzzy topological space
is fuzzy compact.
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Proposition (2.18) [5]

The fuzzy continuous image of a
fuzzy compact set is fuzzy compact.

Proposition (2.19) [7]

Let Y be a fuzzy subspace of an fts X,
and A be a fuzzy set inY. Then A4 is a
fuzzy compact set in X if and only if Ais a
fuzzy compact setin Y.

Proposition (2.20) [2]

An fts is fuzzy compact if and only if
each family of fuzzy closed sets which has
the finite intersection property has a non-
empty intersection.

Corollary (2.21) [7]

A fuzzy closed subset of a fuzzy
compact space is fuzzy compact.

Definition(2.22) [7]

A fuzzy filter base on X is a nonempty
subset F of X such that

(DH0x € F.

(ii) If A{,A, € F, then 3 A; € F such
that A; < A; A A,.

Definition(2.23) [10]

A fuzzy point x, in a fuzzy
topological space X is said to be a fuzzy
semi- cluster point of a fuzzy filter base F

onX ifx, < B, forall e F.

Proposition (2.24) [7]

A fuzzy topological space (X,T) is
fuzzy compact if and only if every fuzzy
filter base on X has a fuzzy cluster point .

Proposition (2.25) [7]

An fts X is fuzzy compact if and only
if every fuzzy net in X has a cluster point.
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Proposition (2.26) [7]

An fts X is fuzzy compact if and only
if each fuzzy net in X has a Q-convergent
fuzzy subnet.

Proposition (2.27) [7]

A fuzzy compact subset of a fuzzy T,-
space is fuzzy closed.

Proposition (2.28) [7]

In any fts X, the intersection of any
fuzzy closed set with any fuzzy compact
set is fuzzy compact.

Definition (2.29)[7]

Let X be an fts. A fuzzy subset V of X
is called fuzzy compactly closed if for
every fuzzy compact set K in X, VAK is
fuzzy compact.

Example (2.30)

Every fuzzy subset of a fuzzy
indiscrete space is fuzzy compactly closed.

Proposition (2.31) [7]

Let X be a fuzzy T,-space. A fuzzy
subset A of X is fuzzy compactly closed if
and only if A is fuzzy closed.

Definition (2.32) [10]

A family Q of fuzzy sets is called a
fuzzy semi open cover if Q is a cover of A
and each member of Q is a fuzzy semi
open set. A subcover of Q is a subfamily
of Q which is also a cover of A.

Definition (2.33) [10]

Let A be a fuzzy set in an fts X. Then
A is said to be fuzzy semi compact if for
every fuzzy semi open cover of A has a
finite subcover of A.Also, an fts X is called
fuzzy semi compact if every fuzzy semi
open cover of X has a finite sub cover.
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Remarks(2.34)

Every fuzzy semi compact space is
fuzzy compact.

Proposition (2.35)

An fts X is fuzzy semi compact if and
only if each family of fuzzy semi closed
sets which has the finite intersection
property has a hon-empty intersection.

Proof :

=Let {4;:j €]} be a family of fuzzy
semi closed sets with the finite intersection
property. Supposed that Aje;A; = Oy .
Then Ve, A% = 1. Since {A%:j € J}isa
collection of fuzzy semi open sets cover of
X, then from the semi-compactness of X it
follows that there exists a finite subset
F <] such that V;epAS =1y . Then
Ajer A; = 0x which gives a contradiction
and therefore Aje; A; # Ox.

<Let {4;:j € ]} be a collection of fuzzy
semi open sets cover of X. Suppose that
for every finite subset F € J, we have
VjerAj # 1x. Then Ajer A% # Ox. Hence
{A¢;:j € J} satisfies the finite intersection
property. Then from hypothesis we have
Ajej A% # 0x which implies Ve, A; # 1x
and this contradicting that {A;:j € J} is a
fuzzy semi open cover of X. Then X is
fuzzy semi compact.

Proposition (2.36) [10]

A fuzzy topological space (X,T) is
fuzzy semi compact if and only if every
fuzzy filter base on X has a fuzzy semi-
cluster point .

Proposition (2.37) [10]

An fts X is fuzzy semi compact if and only
if every fuzzy net in X has a fuzzy semi-
cluster point.

Proposition (2.38) [10]

An fts X is fuzzy semi compact if and
only if each fuzzy net in X has semi
convergent fuzzy subnet.
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Proposition (2.39)

In any fts X, the intersection of any
fuzzy semi closed set with any fuzzy semi
compact set is fuzzy semi compact.

Proof :

Let A be a fuzzy semi closed set and B
be a fuzzy semi compact set in X. Suppose
that {x; }nep be a fuzzy net in AAB, then
by remark (1.4), {x7 }nep in A and B.
Since B is fuzzy semi compact, then by
proposition (2.38), {x}} }nep has a semi
convergent fuzzy subnet. Since A is a

fuzzy semi closed set in X, thenx, € 4~
A, therefore {x]! },cp be a fuzzy net in
AAB which has a semi convergent fuzzy
subnet, hence by proposition (2.38), AAB
is fuzzy semi compact.

Corollary (2.40)

A fuzzy semi closed subset of a fuzzy
semi compact space is fuzzy semi
compact.

Proof :

Let A be a fuzzy semi closed set of a
fuzzy semi compact space (X,T). Since
ANM1yx = A. Then by proposition (2.39), A
is a fuzzy semi compact set in X.

Proposition (2.41)

A fuzzy semi compact subset of a
fuzzy semi T,-space is fuzzy semi closed.

Proof :

Let A be a fuzzy semi compact subset
of a fuzzy semi T,-space. We must show
that A is a fuzzy semi closed set. If

X, € ZS, then by proposition (2.11), there
exists a fuzzy net {x; }nep in A such that

X ixr. But A is fuzzy semi compact,
then by theorem (2.37), {x7. }nep has a
semi cluster point y, in A and thus there
exists a fuzzy subnet in A which is semi
converges to ys. Since X is a fuzzy semi
T, -space, then by proposition (2.14),
X, =Y. Thus x,. € A, showing that A is
fuzzy semi closed.
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Lemma (2.42)

Let X be an fts and A be a fuzzy semi
closed subset of X. Then AAB is fuzzy
semi compact set in A, for every fuzzy
semi compact set B in X.

Proof :

Let B be a fuzzy semi compact set in
X. To prove AAB is a fuzzy semi compact
set in A. Let {x]' },cp be a fuzzy net in
AAB. Since A is a fuzzy semi closed set in
X, then by proposition (2.39), AAB is a
fuzzy semi compact set in X. Thus by
theorem (2.37), the fuzzy net {x; },ep
has a semi cluster point x, in AAB ,
therefore by corollary (2.12) and
proposition (1.29,¢c), x, € A. Thus by
theorem (2.37), AAB is a fuzzy semi
compact set in A.

Proposition (2.43)

Let f: (X, T) — (Y, T") be a mapping.
Then:

(@) If f is fuzzy semi continuous, then an
image f (A) of any fuzzy semi compact set
A in X is a fuzzy compact subset of Y.

(b) If f is fuzzy semi irresolute, then an
image f(A) of any fuzzy semi compact set
Ain X is a fuzzy semi compact subset of
Y.

Proof :

(a) Since every fuzzy semi compact set is
fuzzy compact, then A is a fuzzy compact
set in X and since f is a fuzzy continuous
mapping, thus by proposition (2.18), f(A4)
is a fuzzy compact setinY.

(b) Let Q={G:j€]} be a family of
fuzzy semi open set cover of f(A). Since
f is fuzzy semi irresolute, then
{f7(G;):j€J} is a fuzzy semi open
cover of A. Since A is a fuzzy semi
compact set in X , there is a finite
subfamily {f~*(G;):j =1.2,....,n}, such
that A < V7, f7'(G;) which implies
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A< f (Vi G) and then f(A) <
fOf1 (Vi G)) < Vie; G . Therefore
f(A) is a fuzzy semi compact setin Y.

Proposition (2.44)

Let X be a fuzzy semi compact and
fuzzy T,-space and A be a fuzzy set in X.
Then:

(@) A is fuzzy closed if and only if A is
fuzzy semi closed.

(b) A is fuzzy compact if and only if A is
fuzzy semi compact.

Proof :

(a) = By remark (1.25,b).

& Let A be a fuzzy semi closed set in X.
Since X is a fuzzy semi compact space,
then by corollary (2.40), A is a fuzzy semi
compact set, so it is a fuzzy compact set.
Now, let K be a fuzzy compact set in X,
then AAK is fuzzy compact, thus A is a
fuzzy compactly closed set in X. Since X
is a fuzzy T, -space, then by theorem
(2.31), A is a fuzzy closed set.

(b) = Let A be a fuzzy compact set in X.
Since X is a fuzzy T, -space, then by
proposition (2.27), A is a fuzzy closed set
in X, and then it is a fuzzy semi closed set
in X. Since X is a fuzzy semi compact
space, then by corollary (2.40), A is a
fuzzy semi compact set in X.

< By proposition (2.34).

8 3. Fuzzy Compact Mappings And
Fuzzy Semi Compact Mappings

The section will contain the concept of
fuzzy compact mapping and fuzzy semi
compact mapping and we give new results.

Definition (3.1) [7]

A mapping f from an fts X into an fts
Y is called fuzzy compact if the inverse
image of each fuzzy compact setinY, is a
fuzzy compact set in X.

Example (3.2)

Every mapping from a finite fts into
any fts is fuzzy compact.
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Proposition (3.3) [6]

Let X, Y and Z be fuzzy spaces, and
f:X —Y,g:Y — Z be mappings. Then:

(@) If fis fuzzy compact and g is fuzzy
compact, then go f is a fuzzy compact
mapping.

(b) If g o f is fuzzy compact, f is onto and
fuzzy continuous, then g is fuzzy compact.

(c) If g o fis fuzzy compact, g is one to
one and fuzzy irresolute, then f is fuzzy
compact

Definition (3.4)

A mapping f from an fts X into an fts
Y is called fuzzy semi compact if the
inverse image of each fuzzy semi compact
setin Y, isafuzzy compact setin X.

Remark (3.5)

Every fuzzy compact mapping is
fuzzy semi compact.

Proposition (3.6)

Let X, Y and Z be fuzzy spaces, and
f:X —Y,g:Y — Z be mappings. Then:

(@) If fis fuzzy compact and g is fuzzy
semi compact, then g o f is a fuzzy semi
compact mapping.

(b) If gof is fuzzy semi compact, f is
onto and fuzzy continuous, then g is fuzzy
semi compact.

(c) If gof is fuzzy semi compact, g is
one to one and fuzzy semi irresolute, then
f is fuzzy semi compact.

Proof :

(a) Let A be a fuzzy semi compact set in Z,
then g~1(4) is a fuzzy compact set inY,
and s0 f (g7 (4)) = (g = /)" (4) is a
fuzzy compact set inX.Hence go f: X —
Z is a fuzzy semi compact mapping.

(b) Let A be a fuzzy semi compact set in
Z, then (g o f)71(4) is a fuzzy compact
set in X and then (f(gof)™H(4) is a
fuzzy compact set in Y. Now, since f is
onto, then (f(geof)™)(A)=g""(4),



Journal of Kufa for Mathematics and Computer

hence g~1(A4) is a fuzzy compact set in Y.
Therefore g is a fuzzy semi compact

mapping.

(c) Let A be a fuzzy semi compact setin Y,
then by proposition (2.43,b), g(A) is a
fuzzy semi compact set in Z, thus (g o
) 1(g(A)) is a fuzzy compact set in X.
Since g is one to one, then (geo
)71 (g(A) = £71(4), hence £~ (4) is a
fuzzy compact set in X. Thus f is a fuzzy
semi compact mapping.

8.4 Fuzzy Coercive And Fuzzy Semi
Coercive Mapping .

The section will contain the definition of a
fuzzy coercive and fuzzy semi coercive
mapping and the relation between fuzzy
semi compact mapping and the fuzzy semi
coercive mapping .

Definition (4.1) [7]

Let X and Y be fuzzy spaces. A
mapping f:X —Y is called fuzzy
coercive if for every fuzzy compact set B
inY, there exists a fuzzy compact set 4 in
X such that f(1x\4) < (1y\B).

Example (4.2)

If X is a fuzzy compact space, then the
mapping f: X — Y is fuzzy coercive.

Proposition (4.3) [7]

Every fuzzy compact mapping
fuzzy coercive.

is

Proposition (4.4) [7]

Let X and Y be fuzzy spaces, such that
Y is a fuzzy T, -space. If f:X —Y is
fuzzy continuous. Then f is fuzzy compact
if and only if it is fuzzy coercive.

Definition (4.5)

A mapping f from an fts X into an fts
Y is called fuzzy semi coercive if for every
fuzzy semi compact set B in Y, there exists
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a fuzzy compact set A in X such that

f(1x\A4) < (1y\B).

Example (4.6)

If X is a fuzzy compact space, then the
mapping f: X — Y is fuzzy semi coercive.
Let B be a fuzzy semi comp4act set inY.
Since X is fuzzy compact and f(1x\
1x) = f(0x) = 0y < (1y\B), then f is a
fuzzy semi coercive mapping.

Proposition (4.7)

If f:X—Y is a fuzzy -coercive
mapping and g:Y — Zis a fuzzy semi
coercive mapping, thengo f: X — Zis a
fuzzy semi coercive mapping.

Proof :

Let C be a fuzzy semi compact set in
Z . Since g is a fuzzy semi coercive
mapping, then there exists a fuzzy
compact set B inY, such that g(1,\B) <
1,\C . Since f is a fuzzy coercive
mapping, then there exists a fuzzy
compact set A in X, such that f(1x\A4) <
(1y\B), then g(f(lx\A)) < g(1y\B) <
1,\C, hence (g o f)(1x\A) < 1,\C. Thus
g ° f is a fuzzy semi coercive mapping.

Proposition (4.8)
Every fuzzy coercive mapping is
fuzzy semi coercive.

Proof :

Let f:X — Y be a fuzzy coercive
mapping, and B be a fuzzy semi compact
setinY, so it is a fuzzy compact set, since
f is fuzzy coercive, then there exists a
fuzzy compact set A in X, such that
f(1x\A) < 1,\B . Hence f is a fuzzy
semi coercive mapping.

Proposition (4.9)

If Y is a fuzzy semi compact and fuzzy
T, -spaceithen f:X —Y is a fuzzy
coercive mapping if and only if it is fuzzy
semi coercive.
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Proof :
= By proposition (4.8).

< Let B be a fuzzy compact set in Y.
Since Y is a fuzzy semi compact and
fuzzy T, -space, then by proposition
(2.44.,b), B is a fuzzy semi compact set in
Y, since f is a fuzzy semi coercive
mapping, then there exists a fuzzy
compact set A in X, such that f(1x\A4) <
1y\B . Hence f is a fuzzy coercive

mapping.

Proposition (4.10)

Every fuzzy semi compact mapping is
fuzzy semi coercive.

Proof :

Let f:X—Y be a fuzzy semi
compact mapping. To prove that f is a
fuzzy semi coercive mapping. Let A be a
fuzzy semi compact set in Y. Since f is
fuzzy semi compact, then f~1(4) is a
fuzzy compact set in X.Therefore f(1x\
f71(A) <1,\A. Hence f:X > Y is a
fuzzy semi coercive mapping.

Proposition (4.11)

If Y is afuzzy T,-space,and f: X — Y
be a fuzzy continuous mapping,then £ is
fuzzy semi compact if and only if f is
fuzzy semi coercive.

Proof :
= By proposition (4.10).

& Let B be a fuzzy semi compact set in
Y, so it is fuzzy compact. To prove that
f~Y(B) is a fuzzy compact set in X. Since
Y is a fuzzy T,-space and f is a fuzzy
continuous mapping, then by proposition
(2.27) and proposition (1.20), f~(B) is a
fuzzy closed set in X. Since f is a fuzzy
semi coercive mapping, then there exists a
fuzzy compact set A in X, such that
f(Ax\A) < 1,\B . Then f(A°) <B°,
therefore f~1(B) < A, then by corollary
(2.21), f~Y(B) is a fuzzy compact set in
X . Hence f is a fuzzy semi compact
mapping.
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Proposition (4.12)

If Y is a fuzzy semi compact space and
fuzzy T,- space, then for a fuzzy space X
and a fuzzy continuous mapping: X — Y,
the following statements are equivalent:

(@) f is a fuzzy coercive mapping.

(b) f is a fuzzy compact mapping.

(c) f is a fuzzy semi compact mapping.
(d) f is a fuzzy semi coercive mapping.
Proof :

(2)=(b) By proposition (4.4).

(b)=(c) By remark (3. 5).

(c)=>(d) By proposition (4.10).
(d)=(a) By proposition (4.9)
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