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CHROMATICITY OF WHEELS WITH MISSING THREE SPOKES
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Abstract. This paper show that every wheel
of even order n = 6 with three missing Spokes

is chromatically unique.
1. Introduction

All graph consider here are simple graphs. For
a graph G, Let V(G) and E(G) be the vertex
set and a edge set of graph G, respectively. The
order of G is denoted by v(G), and the size of
G by e(G), ie. v(G) =|V(G)|and e(G) =
|E(G)|. Let P(G,A) (or simply P(G)) denote
the chromatic polynomial of graph G. Two
graphs G and H are called chromatically
equivalent if P(G) = P(H), and G is called
chromatically unique if P(G) = P(H) implies
H isomorphic to G for any graph H [9]. A
wheel W, is a graph obtained by taking the
join of K; and the cycle C,_;, edges which
join K, to the vertices of C,_, are called the
spokes [2]. Let W,, be wheel of order n and let
W(n, k) be the graph obtained from W, by
deleting all but k consecutive spokes, where
n>4and 1 <k< n- 1. Chia [2] showed
that W(n,n — 2) is chromatically unique for
any even integers n = 6. In [1], W(5, 3) was
proved to be chromatically unique. Dong and
Li, [5], proved

n=>9,W(mn,n—2) is chromatically unique,

that for any odd integer

and just one graph, ( shown in Fig.1(b)) is
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chromatically equivalent to W (7,5), and is

not isomorphic to it. It is easy to check

that W(4,1) and W(5,2) are
chromatically unique.
a (b)
W(7, 5) G

Fig. 1: Graphs W(7, 5) and G are chromatically
equivalent but not isomorphic

2.2. Some Known Results

In this section, we introduce some known
results, to be used in the following section.

Lemma 2.1[6]: Let ¢ and H be two

chromatically equivalent graphs, then,

@ V(6| =IVH)I|IEW@G)| =I|EH)| and
t,(G) = ty(H), where t;(G) is the number of

triangles in the graph G;

t,(G) and t3(G) are the number of cycles of
order 4 without chords in G and the number of

K,'s in G, respectively;

(c) ¢ and H have the same number of
components, and if G and H are connected,
then G and H contain the same number of
blocks; and (d) x(G) = x(H).
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Let G be a graph, for a subset S of V(G), let
G[S] or [S] denote the sub graph of G induced
by S, G[S] is called an induced sub graph of G.
If S is a cut-set of G and G[S]is complete,

then S is called a complete cut-set of G.

Lemma 2.2. LetG and H be two

[8]:
chromatically equivalent graphs. If x(G) = 3
and t,(G) =1, then 3t,(G) - ts(G) = 3t,(H)
- ts(H), where t,(G) and t5(G) are the

number of induced wheel Ws' s in G and the

number of induced pentagons inG,
respectively. For a cycle C of G, if |C| = 4
and G[C]= C, (ie., every two non-

consecutive vertices of C are not adjacent),
then C is called a chordless cycle of G.G is
called a chordal graph if G contains no
chordless cycles. For a vertex x of G, x is
called a simplicial vertex of G if d(x) =0 or

G [N,] is complete.

Lemma 2.3.[3]: If G be a chordal graph, but
not complete, then G contains two non-

adjacent simplicial vertices.

Lemma 2.4.[4]: Let G be a connected graph
of order n and x be a vertex of G with
d(x)<n —1. Let §1,S,, ... ,Sm,

be the wvertex set of the all

where
m=>=>1,
components of G- x—N,, then, no
chordless cycle of G contains x if and only
if G[N, N Ng, ] is complete for every integer i
with 1 < i < m, where N, is the set of all

vertices of G adjacent to some vertices in S;.

Corollary [7] : Let G be a connected graph of
order n. If G contains no complete cut-sets,

then, for any vertex x € V(G) with d(x) <
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n — 1, there exists a chordless cycle C of
G, such that, x e V(C).

Graph G is called a forest if G contains no
cycles, and G is called a tree if G is connected
and contains no cycles. Obviously, a tree is
also a forest. In what follows in this section,
let G be a graph with chromatic number 3,
and let A;, A, and A; be the colour classes

of a 3-colouring of G. Define G;; to be

G[A;u A;] foralliand jwith1< i < j< 3

Lemma 2.5. [5]: If G;,,G;3 and G,3 are
forests, and d(x) = 0 or G[Ny] is a tree for

every x € As, then G is a chordal graph.

3. The Chromatic Uniqueness of W(n,n —
4) When n > 6 is Even.

In this section We use similar way of [7] to
prove W (n,n — 4) is chromatically uniqueness
for even n > 6. From now on, let G be a graph
such that P(G,A) = P(W(n,n — 4), A) where
n > 6, obviously x(G)=3. Let Ay,
A, and Az be the color classes of a 3-
colouring of G and define G; ;to be G [ 4; U
Aj]forallintegeriandjwithl1 < i < j <3.

It is found that

P(G,X) = PWnA) + 3P(W(n—1),1) +
AP(W(n—2),1) + 2P(W(n—3),1) +
P(W(n—4),1)

P(Wn,2) =A[(A=2)""" + (-1)™(A-2)]

3PW(n—1),4) =3[A-2)""2+
D" (A -12)]

APWn—2),1)=41[(A-2)""3 +
D" 3@ - 2)]



2P(W(n—3),1) = 2A[(A —2)"* +

D"t -2)]

PWm—4),0) =Aq{A-2)"5+
(D" (1 -2)]

P(G,A) =2 =2)" [(A—-2)*+
30-2)2+4(A -2+ 21— 2)+1] +
D" SAA =2)[(-D* +3(-1)3 +
4(-1D?+2(-1) +1]

=AA — 2)"S[(-1)" 5 (A — 2)~0) ¢
A=2)*+31-22%+ 4(1-2)?%+
21-2) + 1]

P(G,2) = A(A—=2)">[(A— 2)~(n=6) 4
(A—2)*+3(A—-2)° +4(1—-2)* +
2(A— 2) +1],nis odd.

PG, ) = A —=2)"5[-(A—2)"(O ¢
(A-2*+3A-2°+ 41— 2)% + 2(A -
2) + 1], niseven.

Lemma 3.1:W(6,2) is

chromatically unique.

Proof: W(6, 2) is graph
of K- gluing of

complete graph k5 and W(8B, 2)

Fig. 2: Graph W(6,
a cycle Cs, by Theorem 2) is unique
(3.6.2[6]), W(6,2) is

chromatical unique.See (Fig. 2) =

By lemmas 2.1 and 2.2 the following result is

obtained

Lemma 3.2: G has the following properties:
(a). G has n vertices, 2n — 5 edges and n — 5

triangles,
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(b).x(G) = 3and G is 2 -connected,

(c). P(G,2) is devisable by neither (1 — 1)?
nor (A —2)?

(d). t2(6) = 0,t3(G) = 0,t4(G) = 0,t5(G) =
0,t6(G) =0, t;(G) =1, where t;(G) = Ks,
t7(G) = Ce.

(e) There are five ways when n is even and six
when n is odd to separate the vertex set of G
three independent subsets, since

5, wherenis even
P(G, 3) _

$(6) = 3!

6, other wise
Corollary: Let Sbe a complete cut-set of G,
and G,
subgraphs of G such that G;U G, =G and
V(G,) NV(G,) =S, then G, and G, are not
chordal graphs.

and G, be two induced proper

Poof: Suppose G; is a chordal graph. By
lemma 2.3 there is a vertex y in G, such that y
is a simplicial vertex of G. Thus P(G,1) =
(A—d)) P(G—y,A). Since x(G) =3 and
G is 2-connected d(y) = 2. Since t;(G) > 1,
x(G — y)=3. So P(G,A) can be divisible
by (1 — 2)?, contrary to lemma 3.2.Thus G, is
not a chordal graph, and similarly, G, is also a

non-chordal graph. m

Lemma 3.3: Among the three subgraphs
Gi1,G13 and G, 3, two are forests with two
components and the other one is tree. Without
loss of generality, suppose that G, , and G, 3
are forests with two components and thus G, 3

is tree.
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Proof: Since s(G) =5, there is at most two
sub graphs G;j, which are not connected,

where

1<i<j<3 without loss of generality,
suppose that G;, and G; 3 are not connected.
Thus G, 3 is possibly not connected. See Fig. 3.

So we have
|E(G12) | = [V(G2) | — 2
|E(Gi3) | = [V(Gy3) | — 2
|E(G23) | = [V(Gz3) | — 1

and  therefor

|[EG)| = X E(G;;) =
2lV(G)| -5 =2n -5

Since |E(G)|] = 2n—5. We have the

following result
|E(G12)| = [V(G12)] — 2
| E(G13)| = [VGyi3)| — 2 1)
|E(G23)| = [V(Ga3)| — 1

And thus G;,and G;zare forests with two

components, and G, 3 is tree.m

2l LT

W8, 4)

Fig. 3: Three supgraphs of 3-colouring of W(8, 4)
e e

1 2 3

let 1 + p(x) be the number of components
of H, and let p(x) = p(H[N,]) for any
x € V(H). Then pkx) =
x € V(H). Therefore, more p(x) = —1 iff x

—1 for any

is an isolated vertex, and p(x) = 0 iff N,is
connected. Since G is 2-connected, p(x) =

0 for any x € V(G). G[N,] is subgraph of
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G—A; if xis in A4;,1<i <3, thus by
Lemma 3.3 for any vertex x € V(G), G[N,]
is a forest, and G[N,] is tree if and only if
p(x) =0. We calculate the number of
triangles of G in the following way

t1(G) = Yxea, (d(x) — 1 — p(x))
= ExeA1 d(x) — |41 - ZxEAl p(x)

=|E@)] — 1E(G23)] — |41l — Zxea, p(¥)

=|E(G)| — |E(G23)| — {IV(®) | —
V(G23)} — ZxEAlp(x)

=E@G) | — V(O] + {IV(G23)| —
|E(G2,3)1} _ExEAlp(x)

=E@)] = VG| + 1- Gyp3
n-5=2n—5-n+1- Yeea p(x)
Yxea, P(X) = 1 )

t1(6) = Txen,(d(x) = 1= p(x))

= Yxea, A(X) = 14| = Txes, p(x)

= E@®)| = |E(Gy3)| = |42

ZxEAZ p(x)

= |E(G) — |E(G13)| - {IV(G)] -
|V(G1,3)|} - erA2 p(x)

= |E@®)] = V(®)| +{|V(Gy3)| -
IE(G13)]} — Sxea, p(X)

= |E(@)| = V(G| + 2 — Xxea, pP(X)
n—5=2n-5-n+ 2— Yea,p(x)
Yxea, P(x) =2 (3)

t1(6) = Zrea,(d(x) —1 - p(x))



= Yxea, d(x) = |43] = Tyxea, p(X)
=|E(G)] = |E(G12)| = | A3 = Zxea, p(2)
=|E@)| ~ | E(Gz)| = { V(@) -

[V (G12)[} — Zxea, p()

= |E(G) = V(O] +{IV(G12)| -
|E(Gy2)| — erA3 p(x)

=IE@)] = V(G| + 2 = Xxea, (X))
n—5=2n-5-n+2-Y,eca, p(%),

Yxea; P(X) = 2 (4)

Lemma3.4:There exist five different vertices
X, € Ay, x3,x2 € A,, x3,x2 € A; that for any
X

= e S
Proof: By (2), (5) is obtained for x; € 4,4, if
there is a vertex x, € A,such that p(x,) = 2,
then by (3) p(x;) = 2 and p(x) = 0 for any
x € {A\{x2}. Thus G —{x,} is

connected, i. e {x,} is a cut vertex of G,

not

contrary to lemma 3.2 (b). So there exist two
different vertex, x3,x2 such that p(x3) = 1,
p(x3) =1 and p(x)=0 for any x €
{A\{x2, 23} p(x3) = 1,
p(x3) =1 and p(x) = 0 for any x €
{As}\{x3, x3}.m

Similarly

Lemma 3.5: Any cordless cycle of G contains

the vertices, x;, x3, x2, x1 and x3.

Proof: By lemma 2.5 and lemma 3.4 G — x;
is chordal graph. So any chordless cycle of
G contains x;. Since G;, and Gjzare not

connected with two components and p(x) =
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0 for any x e {A;\{x3,x3},

p(x) =0 any x € {As}\{x3,x3}.
Therefore G — x3 — x is not connected to

similarly

for

two components. Let S; and S, denote the
vertex sets of the two components, and
G =G[S; U {xi, x2}], i=1,2.
vertex x € V(G;) N A,, Gy [N,] is tree. By

For any
lemma 2.5, G, is a chordal graph. Therefor,
any chcordless cycle of G contains x3, x2,
similarly, any chordless cycle of G contains

X3, x2. m
Lemma 3.6: G contain no complete cut-set.

Proof: Assume that A is complete cut-set of G.
Let G,, G, be two induced proper subgraphs of
G such that G; U G,= G and G; N G, = G[A].
By corollary to lemma 3.2 , G;and G, are not
chordal graphs. Since G[A]is complete, any
chordal cycle of G is in G,or in G,. Then, by
lemma 3.5, the five vertices x;,x3,x2, x3 and

xZmust be in A, contrary to G[A] being

complete. m

Lemma 3.7: G contains just one vertex
induced sixth in G and
xixdx x2x2 or xixixixx: or
xixix3x x5 or xdxixZxixior
xyx3xdx2x2, or  xix} xyx2x3, or

x3x3 x,x2x2, is a path in the sixth

proof: By lemma 3.1, there is exactly one
induced sixth in G. By lemma 3.4, x4,

x3, x2,x3 and x2 are in the sixth. Then five
vertices induced path. Since x3 and x2 are in
A,, the two vertices are not consecutive in the

path, so that x2 and x2 are in A, the two
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vertices are not consecutive in the path. This
path can be expressed in seven different ways,
xsxdx x2x2 or xixixZx xZor xixdxix x3
or xixix2 x2x; or x;x3xix3x3

or xixd x;x3x3or xixlx;x3x3,seeFig. 4

X3

X X3 X
2
X3 X3 X %
X2 (0 x @
X3 * X1
. €1 X;
X3
X1
®
X3 X3
X2 X1
i s K X3
Xy
X X2 G) Xz

@

Fig. 4: Paths of x1,x2,x2,x3,x3in G

Lemma 3.8: If x3xdx x2x% or x3xix2x x?
or xixixZx;x%or xixlx3 xZx,or
x1x3x3x2x2 is path in G, then it is isomorphic

toWmn,n —4).
Proof: Without loss of generality let xixix;

x2x2 be path inG. Let xyx3xix x3x2x, be
the six in G, (as show in Fig. 4(j), where

x4, € Ay), by lemma 3.4 p(x,)= 0, ie,
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G[N,,] is a tree. So there exists the unigue
path P(x3,x3) in Gz connecting x3 and x3,
and x, is adjacent to each vertex in the path.
Thus p(x3,x2) dose not contain x2 or xZ or x;.

Let Gy be subgraph

) U {xdxd 1,

by lemma 3.3 G, isomorphic to W(m,m — 4)

G|v (P(xg,xg

for some even integer m, (as show in Fig.4
(a,b,c,d,e)). Suppose C is cordless cycle of G
and C is not in Gy, By lemma 3.5,
C contai x3,x1,x;,x2 andx3. If x, is not
adjacent to some vertices on the path € — x3 —
x; — x5, then there exists a chordless cycle in
the subgraph induced by {x,} U V(C —x3 —
x% — x;), which dose not contain xi,x2,x,
contrary to lemma 3.5. If x, is adjacent to each
vertex in (C —x3 —x% —x;), then the sub
graph of G induced by V(C — x3 —x2 —x;) U
V(P(x3,x3)is asubgraph of G,3, which
contains cycles, contrary to G, 3 being a tree.
Therefor, any chordless cycle of G is in the
subgraph G,. Let xbe any vertex of G. If
d(x) = n — land x € 4;, then [4;] = 1.
But, from the subgraph G, we know |4; | = 2
for any i = 1,2,3. Thus d(x) < n—1 for
any x € V(G), by lemma 3.6 and the
corollary to lemma 2.4, x is contained in some

chordless cycle of G, and thus x € V(G,),

which implies that V(G) = V(Gy). So
G = Gy, i. e ,G=W(m,m— 4) for some
even integerm. Hence m=nand G =
Wnn — 4).m

Lemma 3.9: G dose not contain any one of the
two paths



xixix x2x2  or xixix x3x2.

Proof: If G contains one of the five path, we
can show, in the same way, as in lemma 3.8,
that G = W(m,m—4) for some odd
integer m is a contradiction. See Fig.4 (f, i). m

Theorem 1: For any even integern = 6, the
graph W(n,n — 4) is chromatically unique
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