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Abstract--- The main purpose of this paper is to find Artin's characters table of the group (Q.nxCgs)when
m=2", hez*, which is denoted by Ar(Q,, xC,) where Qa, is denoted to Quaternion group and C, is the
cyclic group of order 4 .Moreover we have found The rational valued characters table and the cyclic
decomposition of Artin's cokernel AC(Q.m *Cj4) when m=2" hez".
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1. INTRODUCTION cokernal of the group (Q.mx C. ) when m=2"
For a finite group G, let R(G) denote the group hez'.

generated by z- valued characters of the group G 2. PRELIMINARIES
.Inside this group, we have a subgroup generated This section introduce some important
by Artin's characters (the characters induced from definitions and basic concepts of the group
the principal characters of cyclic subgroups) of G (Q2mxC,), a rational valued characters, a rational
which will be denoted by T(G). The factor group valued characters table, the Artin characters and
R(G)/T(G) which is denoted by AC(G) is called the Artin characters table.

Artin's cokernal of G characters and it is a finite

abelain group of the exponent A(G) which is called The Group (QznXC4)(2.1):

Artin's exponent. Let x and y be two elements of The direct product group (Qzm#C,) where Q,,
G, x and y are called T'-conjugate if the cyclic is Quaternion group of order 4m with two
subgroups which they generate, are I'-conjugate in generators x and y is denoted by
G. this is defined at an equivalent relation on G, its Qo ={XY:x™ = y*=1yx"y'=x ™0=k<=2m-
classes are called T'- classes of G. 1,j=0,1}

The square matrix whose rows correspond to and C, is a cyclic group of order 4 consisting of
Artin's characters and columns correspond to the elements {I,2,2%,2°}.

I'- classes of G is called Artin's characters table.

This matrix is very important to find the cyclic The generalized group (QanXC, ) is denoted by

decomposition of the factor group AC(G) and (QnXCs ) = {(a,0):qEQm ¢ €C, } and
Artin's exponent A(G). |Q2m*Cal=|Qzm| .|Cs[=4m.4=16m

In 1967 T.Y. lam [11] studied A(G) Definition (2.2):[7]
extensively for many groups In 1981 C.Curits and A rational valued character 6 of G is a character
I. Reiner studied Methods of Representation whose values are in Z, which is 6(g)e Z, for all
Theory with application to finite groups. In 2009 geG
S.J. Mahmood [10] studied the general from of Corollary (2.3):]8]
Artin's characters table Ar(Qz, ) when m is an The rational valued characters

even number.

The aim of this paper is to find the general
from of the Artin's characters table and the
rational valued characters table and the Artin
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Zo(;{i) form the basis for ﬁ(G),
oeGlQ (n) Q)

0=

where y i are the irreducible characters of G

and their numbers are equal to the number of
conjugacy classes of cyclic subgroup of G .

Theorem (2.4):[3]

Let T,: G;—GL(nF) and T,: G,—»GL(m,F) be
two irreducible representations of the groups G;
and G, with characters y ,and y , respectively
then :

T, ® T, is irreducible representation of the

group G; x G, with the character x , -y , -
Proposition (2.5):[6]

The number of all rational valued characters of
a finite group G is equal to the number of all
distinct I'- classes on G.

Definition (2.6): [8]

The complete information about rational valued
characters of a finite group G is displayed in a
table called rational valued characters table of

G. We refer to it by =(G) which is nxn matrix
whose columns are T'-classes and rows which are
the values of all rational valued characters of G,
where n is the number of T"-classes.

Proposition (1.7):[9]

The general form of the rational valued characters
table of the Quaternion group Q,mwhen m=2" h is
any positive integer and it is given by:

Table (1)
=(Qzn) ==(Q,,») =
L0 h h-1 h-2 2
clas | [1L 2 2 2"
o [1] x° 1 x° 1| [x ] x ] X1 | vl | Dxv]
0, 2 o 0 0 "7 o 0] o0 0
2" - -
0, 1 2t 2nt 0 0 0|0 0
2h- - o|e
0, | 2o o2 22 0 0| o 0
0., | 2 2 2 2 T2 0] o0 0
0, | 1 1 1 1 I 111 1
0, 1 1 1 1 T 11| 1
6 |1 1 1 1 71T 1)1 -1
0., | 1 1 1 1 | 1)1 1

Where | is the number of I'-classes of C,, .
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Theorem(2.8): [5]

Let H be a cyclic subgroup of Gand h,, h,, ...
, h, are chosen as representative for m-conjugate
classes of H contained in CL(g) in G, then :

_ J _ |CG(g)| u -

1- ¢'(g) = |CH (9)|iz1:(p(hi) if h,eHNCL
9
2- ¢'(9)=0 if HACL@) =¢.

Definition(2.9):[11]

Let G be a finite group, all characters of G
induced from a principal character of cyclic
subgroups of G are called Artin’s characters of
G.In theorem (1.8) , if ¢ is the principal character
, then @(h;) =¢(1)=1, where hje H
Proposition(2.10):[2]

The number of all distinct Artin's characters on a
group G is equal to the number of I"-classes on G
Furthermore, Artin's characters are constant on

each I'-classes.

Definition(2.11): [1]

Artin’s characters of finite group G can be
displayed in a table called Artin’s characters
table of G which is denoted by Ar (G).

The first row is the TI'- conjugate classes, the
second row is the number of elements in each
conjugate classes, the third row is the size of

the centralize |C4(CL,)| and the rest rows

contain the values of Artin’s characters.
Proposition (1.12): [10]

The Artin’s characters table of the Quaternion
group Q,m when m=2", h € Z* is given by:
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Table (2)
: T'- classes of Com
I'"- classes h
[1] [x*] V1 | [xyl
ICL,| 1 1 2 2 2 2" | 2
‘CQZh+1 (CLa) 2h+2 2h+2 2h+1 2h+1 2h+1 4 4
ArQ = 2 o0
o, h 0 0
+1
: 2Ar(C, ) i
@, 0 0
@, 2" 2" 0 0 0 2 0
o, 2" 2" 0 0 0 0 2

2-
3-

where | is the number of T'- classes of C,,, and @ ;2 1< j< 1+2 are the Artin characters of the Quaternion

group Q,n when m=2" , h e Z*

3. THE FACTOR GROUP AC(G)
This section is devoted to the study of the factor
group AC(G) of agroup G .
Definition(3.1):[8]
Let T(G) be the subgroup of R (G) generated by
Artin's characters .T (G) is normal subgroup of

R (G) and denotes the factor abelian groupR
(G)IT(G) by AC(G) which is called Artin
cokernel of G.

Definition(3.2):[7]

Let M be a matrix with entries in a principal
domain R. A k-minor of M is the determinant of
kxk sub matrix preserving row and column order.
Definition(3.3):[7]

A Kk-th determinant divisor of M is the
greatest common divisor (g.c.d) of all the k-
minors of M.This is denoted by D, (M)
Lemma(3.4):[7]

Let M, Pand W be matrices with entries in a
principal ideal domain R, let P and W be
invertible matrices ,Then D, (P M W)= D, (M)
module the group of unites of R.
Theorem(3.5):[7]

Let M be an n x n matrix with entries in
principal ideal domain R, then there exist two
matrices P and W such that:

P and W are invertible.

PMW=D.

D is diagonal matrix.

If we denote D, by d; then there exists a natural

number m ; 0 < m < n such that j > m implies
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d; =0and j<m impliesd ; #0 and 1<j<m
impliesd ; |d ;.
Definition (3.6):[7]

Let M be matrix with entries in a principal
domain R, be equivalent to a matrix D = diag{d,,

d,,....dm,0,0,...,0} such that d ; d i forl
<j<m

We call D the invariant factor matrix of M
and d,,d, ,....,dny theinvariant factors of M

Theorem(3.7):[7]

Let K be a finitely generated module over a
principal domain R, then K is the direct sum of
cyclic sub module with an annihilating ideal

<d;><d, >, ...<d,>d;[d;, for j=1,2,..
, K-1.

j+l

4 THE MATRIX M(G)
This section is devoted to the study of the

matrix M(G), M(Q2zr),P(Qzm) and W(Qzm).

Proposition (4.1):[8]

If AC(G) is a finitely generated Z- module and
let m be the number of all distinct I'-classes then
Ar(G) and =*(G) are of the rank 1 and there exists
an invertible matrix M(G) with entries in rational
number such that is:
=*(G)=M"(G).Ar(G) and this implies
M(G)=Ar(G).(=*(G))*
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Theorem (4.2):[4]
AC(G) = GI-)C(,i where d; =+D,(G)/D,,(G)

i=1
where | is the number of all distinct I'-classes.
Corollary (4.3):[8]
|AC(G)| =| det (M(G))|
Proposition (4.4):[10]
If m=2" ,h any positive integers ,then the matrix
M(Q:r) of the quaternion group Qp, is :

2 2 2 11 11
02 2 1111
00 2 1111
00 0 2 R
MQn) =15 o o 201111
0 0 0 01 1 11
00 0 0l0 101
01 1 110011
011 « -« 1|1 001

which is (h+4)x(h+4) square matrix
Proposition(4.5):[10]

If m=2" ,h any positive integer then the matrices
P(Qzm) and W(Q,y,) are taking the forms:

1 -1 0 o 0 0]
01 -1 0 - 0 0
0 0 1 -1 .. i i
P@Q,,)=[0 o 0 0 o
0 0 0 -1 1
0 o 0 0 -1
0 0 0 1 -1
) 0 1]
1 0 0 0 0 0 0 0 0]
0 0 00 0 00O
and W(Q, )= 6 6 0. 6 6 6 6 0
0 -1 -1 .+ -1 -10 0 1]

They are (h+4)><(h+4) square matrix .

Example (4.6):
To find P(Qys) and W(Qqe) by the proposition
(4.5).

1 -1 0 0 0 O
01 -10 0 0 0
00 1 -10 0 0
PQg=PQu)=|0 0 0 1 -1 -1 1
00 0 0 0 0 -1
00 0 0 0 1 -1
00 0 0 0 0 1
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10 0 0000
01 0 0000

00 1 0000

and  W(Qg)=W(@Qu)=/0 0 0 1 000
01 1 1100

00 0 1010

0-1-1-1001

which is 7x7 square matrix

5. THE MAIN RESULTS

In this section we find the general form of
Artin's characters and Artin's cokernel of the
group (Qzm XC4) when m=2", hez*
Proposition(5.1):

The rational valued characters table of the
group (Q,mxCs) when m=2"heZ" is equal to the
tensor product of the rational valued characters
table of Q,m» when m=2"heZ" and the rational

valued characters table of C, that is:
E(sz X C4) = E(sz) ® E(C4) .
Proof :-
C,={1,2,222°}, Since
Table(3)
hy h, | h;
7 2 -2 0
EC4: E(C4) = Z; 1 1 -1
13' 1 1 1

Where h/ ={()}, h; ={z%}, h] ={z,2} then,
x(h) = 6i(h)) =2
x(h2)=6/(h;)=-2
2(hg) = 6/(h;) =0
2(0) = x2(h)= 6,(h) = 6,(h;) =1
2,(hg) = 63(h;) =-1
2:(0) =x5(hy) = z3(hg) = G5(h)= 65(h;) =
03(hy) =1

From the definition of Q,.,xC,4, and Theorem
(1.2) we have
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(=Q2mxCs) = (=Q2m) ® (=Cy)
Each element in Qy,xC4

hng =h, -hg' vh, € Qon, h; e Cy4,
n=1.23,..4m,ge{l,z2 2},
each irreducible character of Q,,xC, is
Xij)= Xi X
Where y; is an irreducible character of Q,n

and ;(; is the irreducible character of C, ,then

2y,(h) if j=1 and ge{l}
-27;(h) if j=1and ge{z’}
Oy,(h) if j=1 and gefz,2%}

Z(i,j)(hng) = — )
Zi(hn) If J_Z and gE{I,Z}
-7 if j=2 and gefz,2°}
z(h) if j=3 and geC,

From Proposition (2.4)

Gy = (%)

o<Gal Q (7 j))/Q)
Where 6’“’ i) is the rational valued character of

QmeC4
Then,

Gii) (Nog )= (%1,1) (g ))

oGl Q (75 ) (g N/Q)
(N (@) If j=land g {1}
G iy (Mg 3= ) (Nog )=

Y, ox(h,)=

oeGal Q (z (h))/Q)

2 Y o(n()=6(h).2
o<Gal (Q (% (h,))/Q)

=6, (h,). ¢;(h})
(b) If j=Land g e{z%}
D o(=2x,(h,)) =

ceGal(Q(x, (h,))/Q)

- 2 z O-(Z| (hn ))
oeGal Q (x (h,))/Q)

6?(”.) (hy )=
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=0,(h,).-2=6,(h,). }(h!)
(c)ifj=1land g e{z,2%}

> (07 (h,))=0.

%i.3) (Mg )=
oeGal(Q(x () /Q)

2,006 (0) =6,(h,).0=6,(h,). 6 (h;)
o<Gal(Q( (1)) /Q)
Where 6, is the rational valued character of Qap, .
(I (@) If j=2 and g {1,2*}

iy ()= > alxh)=6(h,) .1

oeGal (Q (i (h,))/Q)
=6,(h,). 6;(h))
(b) If j=2and g {z,z°}

g(i,j) (hyg )= Z

oeGal Q (7 (M, )/Q)

o(x (h,)
oeGal Q (7 (h,))/Q)

= > oxnh).-1=6,(h,) 1=
oeGal (Q(x (h,)/Q)

o(=x (h,))=

6. (h,).0,(h;).
(1) If j=3 and g eC4

e(i,j)(hng )= Z o(z(h,))=6(h,) .1
oGl (Q (7 (M ))/1Q)

=6,(h,) . 6;(h})
From [1], [I1] and [111] we have

0, =69,

Then =(QumxCs) = =(Qzm) ®=(Cy).

Example (5.2)

To find = (Q6%C.,) by using the Proposition (5.1)
we get the following table:

=" (Q;°xCy)=
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Table(4)

T-classes | [LIT [ DEI [ DA [ DA [ Ik | vl | Dyl [ 02 [ D321 | X2 | 62T | k2 | v | Dvi2] [ [ | D% | D3 | D4 | Ixad | vl | Dxy2d
I2) 16 -16 0 0 0 0 0 -16 16 0 0 0 0 0 0 0 0 0 0 0 0
@y

o 8 8 -8 0 0 0 0 -8 -8 8 0 0 0 0 0 0 0 0 0 0 0
1)

o 4 4 4 -4 0 0 0 -4 -4 -4 4 0 0 0 0 0 0 0 0 0 0
(€5Y

o 2 2 2 2 -2 -2 2 -2 -2 -2 -2 2 2 -2 0 0 0 0 0 0 0
(4.0

o 2 2 2 2 2 -2 -2 -2 -2 -2 -2 -2 2 2 0 0 0 0 0 0 0
(5.)

0 2 2 2 2 -2 2 -2 -2 -2 -2 -2 2 -2 2 0 0 0 0 0 0 0
(6.)

o 2 2 2 2 2 2 2 -2 -2 -2 -2 -2 -2 -2 0 0 0 0 0 0 0
(1.0

0 8 -8 0 0 0 0 0 8 -8 0 0 0 0 0 -8 8 0 0 0 0 0
@2)

0 4 4 -4 0 0 0 0 4 4 -4 0 0 0 0 -4 -4 4 0 0 0 0
(22

I2) 2 2 2 -2 0 0 0 2 2 2 -2 0 0 0 -2 -2 -2 2 0 0 0
32

1) 1 1 1 1 -1 -1 1 1 1 1 1 -1 -1 1 -1 -1 -1 -1 1 1 -1
(4.2)

o 1 1 1 1 1 -1 -1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 -1 1 1
(5.2)

2] 1 1 1 1 -1 1 -1 1 1 1 1 -1 1 -1 -1 -1 -1 -1 1 -1 1
(6.2)

) 1 1 1 1 1 1 1 1 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 -1
(7.2)

o 8 -8 0 0 0 0 0 8 -8 0 0 0 0 0 8 -8 0 0 0 0 0
@3)

o 4 4 -4 0 0 0 0 4 4 -4 0 0 0 0 4 4 -4 0 0 0 0
(23)

o 2 2 2 -2 0 0 0 2 2 2 -2 0 0 0 2 2 2 -2 0 0 0
(3:3)

I2) 1 1 1 1 -1 -1 1 1 1 1 1 -1 -1 1 1 1 1 1 -1 -1 1
(4.3)

o, 1 1 1 1 1 -1 -1 1 1 1 1 1 -1 -1 1 1 1 1 1 -1 -1
(5.3)

o 1 1 1 1 -1 1 -1 1 1 1 1 -1 1 -1 1 1 1 1 -1 1 -1
(6.3)

2] 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
(&)
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Proposition (5.3):

The general from of the Artin's characters table of
xC,) when m=2", heZ" is give as

h+1

the group (Q-
follows:

Vol.4 ,No.1 ,March, 2017, pp 32-45

Table(5)

classes

|CL. |

[Copne, CL,)

Proof :
Let g€ (QumxCs) ;9=(q,0) or
9=(a,2°)or g=(0,2%) q €Qzm 1,2,2%,2°E C,

Case (I):
If H is a cyclic subgroup of Q,, x {1},then:

1L.H=((x,1))

2. H=((y, )

3. H=((xy, 1))

And € the principal character of H, ®; Artin
characters of Q,, where 1< j<I+2 then by
using Theorem (2.8)

1. H=((x,1))

g=(q,z)or

(M If g=(1,1) and geH

Co, «c, (9)
@ (@ 1) = %-(p(g)
16m 44m . 4Co,, @) p1) =420

S R SOV =
since H NCL(1,)={(1,D}

(i) if g=(x",1)and geH
Ca,..c. (9))
D 54(9) = == < ¢(9)
o Cu(9)
16m 44m . 4Ca, (X")

= A= 1= . =40 (x"
Ca@ @ e, oy PO TN

since H NCL(9)={g}.¢(9)=1
(i)  ifg=(x',1),i=mand i # 2mand geH

G
cp(j,l)(g)J c. ) |

8m

C,(a)]

(p(9) +9(g7) = @+ =

L 4Con(@
Cwi (9) Cp (@)
since HNCL(g )={g,g"} and @(9)=@(9"
")=1,9=(a,1).9€ Qomand q# X" |
(iv) ifg€H

38 9,(0)=40=40(0)

(p(9) + (g ™)) = 4.2 (q)
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Since HNCL(g)=¢
2. H=((y, D) ={(L.D.(y,).0y" ). (°. D}
(i) If g=(1,1) HNCL(1,D)={(1,)}

C o m*Ca (g)
(D(Hl,l) (g) = ‘ ‘QC (g)‘ ‘ (D(g)
16m

:T.1:4m =4.CD|+1(1)

(ii) If g= (x™,1)=(y*I)and ge H

Caouc. (@)
Cy ()]

-1 am =40, (x)

Since HNCL(g)=1{g} ,9(9)=1
(iii)  g=(y.l) or g=(y? 1) and geH

Co,.c, (9)
D 14(9)= W
_16

A =42=2® ()
since HNCL(g )={g,g"'} and P9)=w( =1
Otherwise

D,11(9) =0

D,.,5(9)= »(9)

(@(@)+9(g™)

since HNCL(g)=0

3- H=((xy, 1)) ={(L,1),(xy 1), ()% 1), ((xy)*. )}

()  Ifg=(1lD

D,,0(9)=

HNCL(1,D)={(1,I)}

Cayc, (9)]
16m

=T.1= 4m = 4.(D|+2(1)

(ii) If g=(x",1)=((xy)>)=(y*]) and g€ H

M.
ICy (9)|

cD(|+2,1)(g) = »(9)

®;,(9)=20=20,;(q) Since HNCL(g)={g}

»(g)=1
(i) If g=(xy,1) or g=((xy)’l) =(xy’,l) and
geH
Cqy.xc, (9) |
CI)|+21 =
wan (@) = T @@ (g™

- %.(1+1) =42=40,,(x)

since HNCL(g )={g.g™} and (g)=p(g =1
Otherwise
D .21 (9) =0 since HNCL(g)=0

39
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Case (11):
If H is a cyclic subgroup of Q,m X {z°},then:

LH=((xD)=((x,2%)
2.H=((y,) = ((y.2%))

3. H=((xy, D) = ((xy,2°)

And (P the principal character of H, ®; Artin
characters of Qm where 1< j<1+2 then by
using Theorem (2.8)

1. H=((xD) = <(x, 22>

(i) If g=(1,1) or g=(1,z) and geH

S
ICw (9)|

4, ) =20 ) since

D2 (@n)= »(9)

_ 16m _ 4.4m _

Cu L™ Ten D™ 2, @)
HNCL(1,1)={(1,1),(1,2)}

(ii) if g=(x",1)and geH

Coq,.c, (9)
CD(j,z)(g) :QCHC(g)'(P(g)
16m 44m 4Cq,, (<)

Tlea@ T Cn) T 2 p(9) = 2.0 (x")

Cp (X"

since H NCL(g)={g},¢(9)=1
(i)  ifg=(x',1),i =mand i # 2mand geH

Coc, (9) 8m
QunxCy -1
D ,(9)= (p(9)+e0(g7)) = (+)=
GO e (o) C.(0)
4.2m 4‘Csz (q)‘ 1
——.(1+1) = . =2.D.
Co () a+1) 2. @ ((9) +(g™) , (@)

since. HNCL(g )={9.9"} and @(g)=@(g -
)=1,9=(a.1).9€ Qamand g# X" g1
(iv) ifg€H
Since HNCL(g)= ¢
2. H=((y, I))3={2(1,I),(y,I),(yz,l),(yg,l), (1, 2).(y,
2,0y, 2°).(y".2)}

(i) If g=(1,1) or g=(1,7%)

HNCL(1,)={(1,D), (1,2}

Co,.xc, (9)
D .12 (9) :ﬁ'
16m

:?.1= 2m = 2.CD|+1(1)

»(9)
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(i) If g= (x™,1)=(y3)) or g=(y*Z°) and
geEH
Co,c, (9)
D1 ==
12 (9) C.. (0) »(9)
16m

= Tl: 2m == 2.d)|+1(xm)
Since HNCL(g)={g} ,¢(9)=1

(i) g=(v.I) or g=(y*,1) or g=(y,2°) or g=(y°, 2°)
and geH

C xC (g)
D 1,12 (9) = M “(p(9) + (9 D))

C (9)]

16
= E(l—i_l) =22= 2'CDI+1(y)

since HNCL(g )={g.g"'} and p(g)=¢p(g *)=1
Otherwise

D ,1,(9) =0 since HNCL(g)=0
32- H=((X2Y, D) :2{(%,|),(Xy,3|),2((XY)2,|),((XY)3,|), (1,
2),(xy, z°),((xy)", 2°),((xy)",2°)}

M I o=@l o g=(17)
HNCL(1,D)={(1,1),(1,29)}
Co, . (9)
o 1 ammma PTOL
(I+2,2)(g) |CH (g)| ¢(g)
16m

=?.1= 2m = 2.CD|+2(1)

(iIf g= (X", 1)=((xy)A D= 1) or g= (x",2°
J=((xy)* 2)=(y*.2") and g€ H
Capec, (@)

I (9)]
16m

=?.1: 2m = 2.(D|+2(Xm)

D5 (9)= »(9)

Since HNCL(g)={g} ,¢(9)=1
(i) If g=(xy,l) or g=((xy)’l) =(xy’l) or
g=(xy,z%) or g=((xy)*, Z°) =(xy*, z°) and geH

Cqp.xc, (9)]
IC. (9)|

16
=5 1D =22=20,,(3)

D 1,25 (9) = (P(9) +(g7™)

since HNCL(g )={g.g '} and p(g)=¢p(g *)=1
Otherwise

cI)(I+2,2) (g) =0 since HNCL(g)=0

Case (111):
If H is a cyclic subgroup of (Qmx {z}),then:
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LH=((x, 2))=((x,2*)) =((x,2°))
2. H=((0,2) = ((v.2%)) = ((v.2%))

3. H=((xy, 2)) = ((9.2%)) = ((.2°))

And ( the principal character of H, ®; Artin
characters of Q,, where 1< j<I|+2then by
using Theorem (1.8)

1L.H=((x, 2))
(i) If g=(1,1) or g=(1,2)or g=(1,2%) or g=(1,2°) and
geH

Ca,c, (9)
C.@nl

_16m . 44m . 4Co, @
since H NCL(g)={(1,1),(1,2),(1,7%),(1,2°)}

(i) If g=(1,1) or g=(x",1) or g=(x",z) or g=(1,z)or
g=(x",z*) or g=(1,z%)or g=(1,2°) or g=(x",z° ) and
geH

(a) if g=(1,1) or g=(1,2) or g=(1,2%) or
g=(1,z°) and geH.

‘CQZ Cs (g)‘

D ;5 (9) = -(9)

o) =D;(1)

-¢(9)

_ 16m _ 4.4m _ 4‘Cozm (1)‘
Ca@ @ 4C, 0

since H NCL(9)={g}¢(9)=1

(b)If g=(x",1) or g=(x"z) or g=(x",7%) or g=(x",2°

) and geH

CD(j,3)(g):

) =;(1)

Co,.-c, (9)
®(j,3)(g):—| |QC z9)| |'(P(g)
H
16m 4.4m 4Co,n (x™)

= A= A= o(xX") =D (x"
C. (@) [Cu(9) 4\C<x>(xm) p(x") =@ (x")

since H NCL(9)={g},¢(9)=1
Gii) 1f g={(x',1),(x',2),(x'",2%),(x', %)}
Ji#m,i#2m and geH
Cq,..c. (9)]
Cw (9)

8m
C. (9))

(p(9)+9(g™) = 1+1

(D(j,S)(g) =

_4Cqn (@)
4 C(x) (q)‘

4.2m

——.(+1
C. )Y

(p(9) + (g ™) =P;(a)

since. HNCL(g )={gg'} and @(g)=P(g -
1):l’g:(qu):(q!23)!qe Q2m and q;é Xm ,q;bl
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(iii) if ggH
D, (g)=0 Since HNCL(g)= ¢
2.H=((y, 2))

={(%,I),(y,zl),(y:,IZ),(y3éI),z(l,z),gy,z),(%/z,z)é(yj,z),3 \
S,z ):(y.2).(y".2).(y . 2)(L2).(y.2). (Y. 7).y 2
(i) If g=(1,1) or g=(1,z) or g=(1,2%) or
9=(1,2* Jand geH

HNCL(g)={(1.1).(1,2),(1.2°) ,(1.2)}

|CQ2me4 (g)|
CI)(|+1,3)(g) = —|C (g)| :
H
16m

=E'1: m=.@,, 1)

»(9)

(ii) If g= (x™, 1)=(y*I) or g= (y.z) or
g=(y*,2°) or g=(y*,z°) and ge H

Coue, (@)
Ci (9))
16m

=?-1= m=a®,,(x")

Since HNCL(g)={g} ,¢(9)=1

(i) g=(y.hor g= (y,2)or g=(y.z%) or g=(y.z’)
or g=(y*,lo)or g= (y*,2) or g= (y°,2%) or g= (y°.2")
and geH

D ,15(9) = »(9)

Co,.c, (9)]
|CH (9)|

16
= ) =2=0,,(y)

D .15(9) = (P(9) +o(g™)

since HNCL(g ):{g’g-l} and ©()=0(g _1):1
Otherwise
®,,5(9) =0 since HNCL(g)=0

3.H=((xy,2))
=({(1,|)),(Xy,|),((XY)2,|)=(y2,|)'((XY)3,|)=(XY3,|),(1,Z)
(XY, 2),
g(xy)z,g)),((xyf,z),(1,222)3,(xy,zz),s((éy)z,zz)),((xy)3,z
).(1,2°) (xy,2).((xy)".2)).((xy)".2)}

(i) If g=(1,) or g=(1,2) or g=(1,2%) or
9=(12)  HNCL(g)={g}

‘CQ2m><C4 (g)‘
D23 (9) = m
16m

=g 1=M=%.0

»(9)
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(i) If o= (X", 1)=((xy)")=(y*.Nor
0=((xy)’2)=(y",)or  g=((xy)"Z)=(y’ ")  or
9=((xy)"2")=(y",2’) and g€ H

Cq,nc, (9)

d =L = 7,

(I+2,3)(g) |CH (g)| ¢(g)
16m m

= ¥-1= m=®,_,(x")

Since HNCL(g)={g} ,¢(g)=1
(iii) If g=(xy,I) or g= ((xy)3,l) or g= (xy,z) or
g= ((xy)°,2) or g= (xy,z") or

(iv) 9= ((xy)’2%) or g= (xy,2°) or g= ((xy)*,2°)
and geH

C xC, (g)
D,.,5(9)= M (@) +p(g™))

ICy (9)|

16
=gt =2=2,,09)

since HNCL(g )={g.¢ '} and ((g)=@(g *)=1

Otherwise
®D,,5(9)=0 since HNCL(g)=0

Example (5.4):

To construct Ar(Q1sxCy4) by using the theorem

(5.1) we get the following table:

Ar(Q,"°xCy)=
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Table (6)

64 |64 |0 0 0 0 |o 0 0 0 0 0 0 0 0 0 0 0 0 0 0
32 |32 |32 |o 0 0 |o 0 0 0 0 0 0 0 0 0 0 0 0 0 0
16 |16 |16 |16 |0 0 |o 0 0 0 0 0 0 0 0 0 0 0 0 0 0
8 |8 8 8 8 0 |o 0 0 0 0 0 0 0 0 0 0 0 0 0 0
32 [32 |0 0 0 8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
32 [32 |0 0 0 0 |8 0 0 0 0 0 0 0 0 0 0 0 0 0 0
64 |0 0 0 0 0 |o 64 |0 0 0 0 0 0 0 0 0 0 0 0 0
32 [32 |0 0 0 0 |o 32 |32 0 0 0 0 0 0 0 0 0 0 0 0
16 |16 |16 |0 0 0 |0 16 | 16 16 0 0 0 0 0 0 0 0 0 0 0
8 |8 8 8 0 0 |o 8 8 8 8 0 0 0 0 0 0 0 0 0 0
4 |4 4 4 4 o |o 4 4 4 4 4 0 0 0 0 0 0 0 0 0
16 |16 |0 0 0 |4 o 16 | 16 0 0 0 4 0 0 0 0 0 0 0 0
16 |16 |0 0 0 0 |4 16 | 16 0 0 0 0 4 0 0 0 0 0 0 0
32 |0 0 0 0 0 |o 32 |0 0 0 0 0 0 32 |0 0 0 0 0 0
16 |16 |0 0 0 0 |0 16 | 16 0 0 0 0 0 16 |16 |0 0 0 0 0
8 |8 8 0 0 0 |o 8 8 8 0 0 0 0 8 8 8 0 0 0 0
4 |4 4 4 0 0 |o ] 4 4 4 0 0 0 4 4 ] 4 0 0 0
2 |2 2 2 2 0 |o 2 2 2 2 2 0 0 2 2 2 2 2 0 0
8 |8 0 0 0 2 0 8 8 0 0 0 2 0 8 8 0 0 0 2 0
8 |8 0 0 0 0 |2 8 8 0 4 0 0 0 2 8 8 0 0 0 0 2
2
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Proposition (5.5):
If m=2" h any positive integer then the matrix
M(Q2mxC,) of the group (QamxCy) is :

M(Q.n) | M(Q,) | M(Q,r)
M(@Q,, xC,) = 0 M(Q,,) | M(Q,,)
0 0 M (Q.n)

Which is 3(h+4)x3(h+4) square matrix ,M(Qzm)
is similar to the matrix in Proposition (4.7).
Proof :

By Proposition (5.3) we obtain the Artin's
characters Table Ar(Q,nxC,) of the group
(QumxCs) when m=2"hez' and from the
Proposition (5.1) we get the rational valued

characters table (;(QmeC4)) of the group

(Q2mxC,) when m=2"hez".
Thus, by definition of M(G) we can find the
matrix ~ M(Q,mxCs) when m=2"heZz"

M (sz X C4) = Ar(sz X C4) ’ (;(sz X C4))_l.

22w 21111222 21111222 -21111]
022w ~21111022w21111022~-21111
002w 21111002 21111002~-21111
000w 2112112000 21111000~ 21111
000« 02212000 021122000~01111
000002122000 00212000~ 00111
012w 10002022 210002022 10001
011w 1102202020 12022022 11011
00000000222+ 2111122221111
00000000022+ -21111022=-21111
00000000002 2111100221111
000 00000000 ~21111000= 21111
00000000000 ~011112000-=01111
00000000000 ~001212000--00111
000w 00000011 1000101110001
00000000012 ~11011011 11011
000 ~00000000~~00000222- 21111
000 ~00000000~ 0000002221111
000 ~00000000~ 0000000221111
000+ ~00000000 0000000021111
000+ ~00000000~ 00000000 ~01111
000 ~00000000~ 0000000000111
000 ~00000000~ 000000112 ~10001
00000000000+ ~00000021 11011
M(Qun) | M(Qun) | M(Qs0)

= 0 [M(Qu) | M@Q,)|=M(@Q,,xC,)

o [ 0 [M@Qu)
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Example (5.6):
Consider the group (Q1xC,), we can find the
matrix M(Q16xC,) by using:

M(QysxC,) =M(Q,: xC,) = Ar(Q,. xC,) - ((Q,. xC,))*

1]
O O O O O O OO0 © O O O O OO © O O O O N
O O O O O O OO0 © O O O © ORFr kB OO O NN
O O O O O O OO0 © © O © O OR kP oo NN N
O O O O O O OO0 © O © © O OF O O F L P k.
O O O O O O OO © O O © O OO O - I I I =
O O O O O O OO0 © © O © O OO F O F KL P k.
O O O O O O OO0 © © O © © OF K B kB Bk .
O O O O O O OO O O O O O NO O O O O O N
O O O O O © O B OO0 O NINRE P OO ONNDN
© O O O ©O O OpF P OO N NNEFE P OO NDMNDNDN
O O O O O O O OO Fr PP F PPFP OO R - P -
O O O O O O 0o Ok P PP P PO OLPF F PP P P
O O O OO0 O oCoPr OF PP PFPOPFP OPFP P P P
O O O O © © OF B kP 1B kP Rk RPRE P RPB RP B
O O O O O O NO O O O O ONO OO O O O N
P P O O O NNRE P OOONINNRER R OOONNDN
P PO O NNINRE P OONDNDINNREL RFP OONDNDNDN
R O O Pk P P PP O O F P P PPFP O O F P kP -
O O R, P P P PO OR R PR PO O R R B P -

Proposition (5.7):

If m=2" , h any positive integers then the
matrices P(Q,nxC;) and W(Q,nxC,) are taking
the forms .

O P O FR P P PO RFPF ORPRPRPRPR PO R OR R R B

P(sz) - P(sz) 0
P(Q,, xC,) = 0 P(Q..) | —P(Q,,)
0 0 P(Q,.)

which is 3(h+4)x3(h+4) square matrix .

And
W (Q,,,) 0 0
W(Q,,, xC,) = 0 W (Q.,,,) 0
0 0 W(Q,n)

Which is 3(h+4)x3(h+4) square matrix .
Proof :
By using the proposition (5.5) taking the

matrix M(Q,nxC,) and the above forms
P(Q2m*xC4) and W(Q,nxC,) then we have :
P(szxC4). M(ngxC4).W(Q2me4) = dlag
{2,2,2,2,---,2111111111}
%/—J

3(h+l)
=D(Q2m*Cy)

which is 3(h+4)x3(h+4) square matrix .

L e el el e el e e e e el e el e e e e e
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Example (5.8):
To find the matrices P(Q16xC4) and W(Q16xCy) by
the proposition (6.7) from Example (4.6) to find

P(Q16) and W(Qe) :

P(Q) | —P(Qs) 0
P(QxC,) = 0 PQs) |—PQy)|=
0 0 P(Q)
1-100000-112200000O00O0O0O0TC0T0
01-100000-112000000TO0TO0TU0TU0TWV
001-100000-1212002000°0°O0U0TU0TU0
0001-1-11000-111-100202000°0
0000101 0000-10-100202020U0°0
0000011-100000-1120020°00°0°0W0
00000O01O0O00O0O0CCO0O0C-100T0000TW0
00000O0O0CI1-100000-11202000°0
0000000011 -100000-11000°0
00000000011 -100000-11200°0
00000O00O0CO0OO0OTLLI-1-1200T0-11T1H-1
00000O00CO0CO0OOTO0CTLOILOOO0TD0-10-1
0000000CO0CO0OOO0CCOCTIL-100TU0T00-11
00000O0CO0CO0CO0OOTO0CTO0COCILOO0OO0TD0TO0O0-L
0000000CO0CO0OO0OOD0CTO0O0CTO0TILI-1000O0TU0
000O0O0O0DO0O0DTDO0CO0TOCODOODODTDOTIL-100U0TPW
000O0O0CO0DO0CO0DTDO0OOTOCODODODTDOTOTIL-100O0TD
000O0CO0O0DO0CO0DTDO0OCODOCODOCDODTDOTOTO0TL-T-11
00000O0CO0CO0CO0OOOD0CO0OCOOOD0OTO0TO0TILO01
000O0O0O0DO0O0DTDO0CDO0O0CODO0ODODTDOTDOTO0OTCD0TO0T1-1
000O0O0CO0DO0O0DTDO0CDO0OO0CODO0ODO0DTDO0OTDO0OTO0TO0TO0TO0T1
And
W(Qye) 0 0
W(Q,xC,)= 0 W(Qy) 0 =
0 0 W (Qy6)

10 0 0000O0O O ODOODOO0OOTOOOOO0
01 0 00000O0OUOUODOOO0O0OOTOTOGOOO
001 00000O0TO0OT O0COO0OO0O0TO OO OOOO
00 0 10000O0OUO0OUODOOO0O0OOTOTO0OGOODO
01 1 1100000 O0OO0OO0O0OO0DO0TO0O0OOO0O
00 0 101000O0O0O0C0OO0COTOOTOTO0OGOO0O
0-1-1-100100 0 0O0000O0TO0 O0OCOO0O
00 0 0O000O1O0OOOOOO0O0OOT OO OOOO
00 0 0O00O0OO0TI1IO0 O0OO0OO0O0OOTOTOOO0O0
000 0O000O0OOT11ITO0O0OO0O0OO0DTOOCTOTUOOO0O
00 0 0O000O0O0OUOT110000OTGO0TGO0OO0O0
000 0O00O0OO0OTT 1 110000 O0TO0O0O0O
00 0 0O000O0O0OUO 110120000 O0O0O0O0
000 0O000O0-1-1-100100 0 000°0
00 0 0O000O0O0OUOUOOOO01LO0O0TO0OGOO0DO
000 0O000DO0OODTOT OOOO0O0T11O0 O0OOO0O
00 0 0O000O0O0OUOUOOOO0O0OODT11 O0O0O00O0
000 0O000O0OODTOT OOO0OO0O0DGO OO T11O0O0CO0
00 0 0O000O0O0OUOUOOOOOTL 1 1100
000 0O000O0OODTOT OOO0OO0O0GOTUOTI1O0OT1O0
000 0O00O0O0O0OUOOUOO0OO0O0O0-1-1-1001
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Example (5.9)

To find D(Q16xC,4) and the cyclic decomposition
of the factor group

We find the matrices P(Q1sxCy4) and W(QyxCy)
as in example (5.8) and M(Q16xC,) as in example
(5.6),then :

P(Q16%C4).M(Q16%Cys).W(Q16xCs)=
diag{2,2,2,2,2,2,2,2,2,2,22,1,1,1,1,1,1,1,1,1}=
D(Q16%Cy)

Then by Theorem (4.2) we have

12
AC(D(QuxC.)= OC,

The following theorem gives the
decomposition of the factor
AC(D(Q2mxC4)) when m=2" h e Z*.

cyclic
group

Theorem(5.10):
If m= 2", h any positive integer then the cyclic
decomposition of AC(QynXCy) is:

3(h+1)

AC(DQurxCy)= @ C,

Proof :

By using the proposition (5.5),we can find matrix
M(Q,mxCy4) and by the proposition (5.7),we find
P(Q2m*Cs) and W(Q,nxC,s) when m=2" h € Z* :
P(Q2n*Cs). M(Q2mXCy). W(Q2mXCy)=

diag{2,2,2.2.2.2,...2.2.2,1,1,1,1,1,1,1,1,1}
Then ,by the theorem (4.2) we have :
3(h+1)
AC(D(QunxCa)= @ C,
Example(5.11) :

Consider the groups (Qs276XCs) ,(Q16777216%Cas)
then :

45
1. AC(Q32768>< C4) = AC(Qle x C4) - SCZ
2.

72
AC (Qi6777216<C4) = AC (Qz24 xC,) = i@lc2



Journal of Kufa for Mathematics and Computer

REFERENCES

[1] A.S. Abid, "Artin's Characters Table of Dihedral
Group for Odd Number ",

M.Sc. thesis,University of Kufa, 2006.

[2] C.Curits and 1. Reiner, " Methods of Representation
Theory with Application to

Finite Groups and Order ", John wily & sons, New
York, 1981.

[3] C.W. Curits & I. Renier " Representation Theory of
Finite Groups and

Associative Algebra " ,AMS Chelsea publishing ,1962
, printed by the AMS .

[4] H.R. Yassien, " On Artin Cokernel of Finite
Group", M.Sc. thesis, Babylon

University, 2000.

[5] I. M. lIsaacs, "On Character Theory of Finite
Groups ", Academic Press, New

York, 1976.

[6] J.P. Serre, "Linear Representation of Finite
Groups", Springer- Verlage, 1977.

[7] K. Sekigvchi,” Extensions and the Irreducibilities
of The Induced Characters of

Cyclic p-Group ", Hiroshima math Journal, p165-178,
2002.

[8] M. J. Hall, " The Theory of Group ", Macmillan,
New York, 1959.

[9] N.R. Mahamood, " The Cyclic Decomposition of
the Factor Group cf(Qom,2)/

R (Q..) ",M.Sc. thesis, University of Technology,
1995.
[10] S.J. Mahmood,” On Artin Cokernel of Quaternion
Group Qun When m
is an Even Number ", M.Sc. thesis , University of Kufa
, 2009.
[11] T.Y. Lam," Artin Exponent of Finite
Groups ", Columbia University,
New York, 1967."

45

Vol.4 ,No.1 ,March, 2017, pp 32-45




