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Abstract:

In this paper , we investigate solution for singular fuzzy fractional order control system ,
which in turn gives us two subsystem by drazin inverse . One of these subsystems contain
fuzzy fractional order control system used fuzzy laplace transform as well as lower function
and upper function in order to get the solution .
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1. Introduction

Singular systems have received much attention
by singular model can preserve the structure of
practical systems better than regular ones.
Singular systems are also referred as
descriptor, semi-state, linear system models in
many applications such as electrical networks,
aircraft dynamics, neutral delay systems,
chemical, thermal and diffusion processes,
large-scale systems, interconnected systems,
economics, optimization problems, feedback
systems, robotics, biology, etc
[10,16]."Fractional ~ calculus, which was
introduced in the early 17th century, deals with
integration and derivatives of arbitrary
noninteger order”. In recent years, it has been
reported in many areas such as electrical
circuit, population models, epidemiology
models,[2].A lot of researchs has been focused
on the application of fractional calculus, and
such application is in the modeling of many
physical and chemical processes as well as in
engineering. It has been found that the
behavior of many physical systems can be
properly described by using the fractional
order system theory. "Fractional derivatives
provide an excellent instrument for the
description of memory and hereditary
properties of various materials and processes.
The advantages or the real objects of the
fractional order systems are that have more
degrees of freedom in the model and that a
“memory” is included in the model". [3-
6,11].Control systems are ubiquitous. They
appear in homes, cars, industry and in systems
for communication and transport, just to give a
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few examples. Control is increasingly
becoming mission critical, processes will fail if
the control does not work. Control has been
important  for design of experimental
equipment and instrumentation used in basic
sciences and will be even more so in the future.
"Principles of control have an impact on such
fields as economics, biology, and medicine.
Control, like many other branches of
engineering science, has developed in the same
pattern as natural science. Although there are
strong similarities between natural science and
engineering science is important to realize that
there are some fundamental differences. The
inspiration for natural science is to understand
phenomena in nature".[12] ."The concept of
fuzzy numbers and fuzzy arithmetic operations
were first introduced by Zadeh [8, 19]. The
importance of the introduced notion of fuzzy
set was realized and has successfully been
applied in the branches of science and
technology. Recently fuzzy set theory has been
applied in pure mathematics by" [18].

In this paper is consists of three sections .
section two deals with some of the basic
mathematics concepts and principles of
singular fractional order Control system with
the fuzzy numbers finally section three the
singular fuzzy fractional order control system

is discussed .
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2. Preliminaries

Definition (2.1) , [14]:
"The function defined by

(@)
SDEF(E) = —— [F 0 _4p (1a)

r(q-«) Y0 (t-p@+i=a "’

is called the Caputo fractional derivative-

integral, where
g—1<x<gq,q€N. So, for n=10 <x< 1,

the relations above take the following"

D) = [ (1b)
0~x T ri-a)Jo (t-o«

Definition (2.2) , [14]:

"The function defined by

oIFF(0) = 15yt = D (D, @)

is called the Riemann-Liouville fractional
integral, where a € R, is the order of integral.
The Mittag-Leffler function is a generalization
of the exponential function eSit and it plays an
important role in the solution of singular
fractional order differential equations™

Definition (2.3), [14]:
"A function of the complex variable z defined

ZK

by Ecc1(2) = Xicco gy ¢ > 0 3
is called the one parameter Mittag-Leffler
function. Sometime it is denoted by" E. 1 (z) =
E.(2).

Laplace transformation is fundamental tool in
system and control engineering. For this
reason, we will give here the equation of these
transform for defined fractional order operator.

Lemma (2.1), [9]:

1- §DFF(E) = s¥F(s) — Ty s*I71£D(0),
g—1<x<gq, q€N.-

2- L[SDEE(D)] = s¥F(s) — s*71£(0),0 <x< 1.

3- Laplace transformation of convolution,
t
f(0 + 8(0) = [ e~ Dglode
0
= [, f(0g(t — Ddr , then
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LIf() * g(O)] = F(s)G(s) -

Definition (2.4) (Control), [17]:

"Control means measuring the value of the
controlled variable of the system and applying
the manipulated variable to the system to
correct or limit deviation of the measured
value from a desired value".

Definition (2.5) (index of the matrix ), [13]:

"The smallest nonnegativeinteger qsatisfying
rankEY = rankEq*! E € R™ s called the
index of the matrix" E € R™ ",

Definition (2.6) (Drazin inverse), [7] , [13]:

"A matrix EP is called theDrazin inverse of

Ee R™™ jf it satisfies the following

conditions

i) EEP = EPE

i) EPEEP = EP

iif) EPE9*! = E9 (4)

where q is the index of Edefined by (4).

The Drazin inverse EPof a square matrix E
always exists and is unique™ .

Definition (2.7) (Fuzzy number), [20]

"A fuzzy number is a mapping v: R -
[0,1] with the following properties:

i) v is upper semi continuous
i) v(x) = 0 outside some interval [a
d]
iii) There are real numbers b and ¢
,a<b<c<d, forwhich
i) v(x) is monotonically
increasing on [a ,b]
i) v(x) is monotonically
decreasing on [c ,d]
iii) vx)=1,b<x<c"

Definition (2.8), [1]

"A fuzzy number v in parametric form is a pair
of functions( v(r),v(r)), 0 <r < 1, which
satisfy the following requirements

i)v(r) is a bounded left continuous non-
decreasing function over [0,1] .

ii)v(r) is a bounded left continuous non-
increasing function over [0,1] .

iiv(r) < v(r),0<r<1.

The set of fuzzy numbers is denoted by F. For
arbitrary fuzzy

%= (x(n),x(r),§ = (y@),y() ande R,
we may define the addition and the scalar
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multiplication of fuzzy numbers by using the
extension principleas” [1]:
DE+y=(x() +y@),x(r) +y(),

5 {( kx, kx),k =0
2) kx = _
(kx,kx),k <0

©)
Lemma (2.2), [15]:

"Consider the nonlinear fractional order system
D*x(t) = f(t,x(1))

Suppose € (0,1],G > 0 and F is fuzzy real
number. Then, the fractional fuzzy differential
is D*x(t) =

f(tx(t)) ,t€ (0,Gl,xo EF (6)
Where f(0,G] XF > F
f(0,G] xR > R

is continuous in the

case of and x, €R
lim
'n - oo

g(t,x)) , g (0,G] X F - F,is cont , then the

solution” is x(t) = T'()t*  E o (At*)x,

t1=x(t) = xo € F, f(t,x()) = A=x +

+ f ((t = )% Eq o A(t — )¥)g (5, x()))ds
0

zka

Where Eg o (z) = Z{gom

3.singular fuzzy fractional differential order
control system

Consider the following singular fractional

order control system

E[D*x(t) + g(t, x(t))] = Ax(t) + Bu(t)

t€[0,G,G>0 (7
X
x(0) = %o = [y, "] € F.0 <= 1 Fis fuzzy

real number whereD*x(t) is Caputo fractional
derivative of x(t), E € R™™ be a singular
matrix, A € R™", B e R™™, x(t) € R" is
the state vector, u(t) € R™ is the control input,
the  g(tx(®) be function define in
condition(vi) (8)with the following :

i)det(Es— A) # 0. For some s€ C is the

complex number

SE_pll 0]p

ME—Pb MP,

vD _ ]_1 0 -1 rqXr
E _P[O O]P ,detP £ 0,] € R

, Edefine in eq (8) , N is nilpotent matrix

whose nilpotent index is k such that N¥ = 0,

14

- _ Pl P2

i) P = [P3 P,

g A; A
_ _ —1A — _ 1 2

iv) A = [Ec — A]"'A = PA ,A—[A3 AJ

_ B

V)B = [Ec—A]"'B=PB ,B= [Bl] where
2

B1 € ]erxm !BZ € Rn—rlxm

Vi)g(t, X) = g(t' X1 (t), X2 (t))

_ (B0 @) _
g2(x1 (1), x2 (1)

[gl(xl(t)o, X2 (t)))], g:(0,G] X F - F,is

continuous in the case of g(0,G] X R — R(8)

Now ,multiple both sides by [Ec — A]™? for

(7) , we get
E[D*x(t) + g(t,x(D)]

= Ax(t) + Bu(t) 9)
Where E = [Ec— A]"'E,A = [Ec —

A]™'A and B = [Ec — A]"'B
Theorem (3.1):
The general solution to the system (9) is given
by
X (t 1), % (t1)
°= [Q(t. 1), %)

(Eq1 (Kntﬂ)& or

[ = 9 Bt = 99 B s
0
[ €= B Bt 9984 (150350 . B Bart IR
i (5,1, %
_ + [ = 0B Bt 99 B yu(s)ds

+ ft(t = )" Eg Ay (t— 9)%) g1 (%5(5,1), % (5,1))ds)
0

(—(PsJ 7" AL) TP ] T A X, (1) — (P3] T AR) ' Ps) T1B,u(b),
—(PsJ 7 AL) TR AR, (1) — (3] TMAZ) MR TIBu(t)

— k
w Ayt

Where Ea,1(K11ta) = Yk=o T(koc+1) !

— k
o A1g (t=5)k*
k=0 I'(kx+ar)

Eqoa(A11(t—95)%) =X
Proof:
both sides by Drazin inverse of the matric E.
for (9) , we obtain
EPE[D*x(t) + g(t, x(D)]
= EPAx(t) + EPBu(t)
By conditions of eq (8) , we get
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Py el wlr (oo
i [B100 @)

—p [](_)1 8] p-1p [21 Az] [X1(t)

Ayl lx, (1)
+P [];)1 g] p-1p [g;] u(®)

Then,

[Ir1 0] ( D“xl(t)] + [gl(xl(tz), xz(t)))])

D*x, (t)
e[ g MY

<2y gllg; s

One can get,
[Irl 0] [Dxxl (0 + g1(x1(0), x2(1)))
0 D*x,(t)

o | N [
o il o]
Thus,

-Irl 0] [DKX1(t) +8:1(x1 (0, x2(D))] _
D*x,(t)

[PJ7'A; Py 1A2] [X1(t)
Az X, (1)

1L O weon

[D“Xl (O +81(x1 (t),Xz(t)))]
0

_ P AL X, () + P T ALx, (D)
PyJ 7 A% (8) + P3J TAx, (1)

PJ7'B;
P;J7'B,

D%x4(8) + g1 (x4 (D), x2()))

=P A%, (t) + P Ax, (1)
+P;]"1Byu(b)

0 = P3J 7P A x4 (t) + P3J 1A%, (1)
+P;]"'B,u(t)

Now, x,(t) of equa(10b),

+ u(t) , We obtain ,

Py 7T A%, (1) = —P3] TTA x4 (1) — P3J 7' B,u(t)

X(1) = —(Ps] 71A) TPs) TP A x4 (1)
—(P;J7"A) 1P T 1B,u(t)

15

Substituting (11b) in (10a), we obtain
D*x;(0) = P1]_1A1X1(t)

—(P;) 7 A) T P TP A x4 (1)
—(P;]7'A2) 7 Ps) "' Byu(t)

+P] 7 Byu() — 81 (x: (1), x2(D))
Hence,
D*x, (t)
=Py A (0P T AL (Ps] T A) TR TR A x4 (1)
—P,J7 1A, (P3)71A,) TR 1B, u(t)
+PJ 7' Byu(t) — g1 (%, (1), x2 (1))
follows,
D*x, (t)
= [P AL =P ] T AL (Ps] AL TR A ]xy (B)
+[P;J71B; — P A, (P5)71A,) T 1P] 1B, u(t)
—81(x1(1), x2(1))) (12a)

Now , using fuzzy fractional based on its

+P,J A,

lower and upper functions of the eq (12a),
CEXCHEAC)

= (P A =P A (B ) R A (3 (0, (0)
+[P,J7'B,
— PJ 7 A, (P)71A,) T P 1B Ju()

- <g1 (X_1 ©,x; (t)> 81 (Q(t)@(t))) (13a)
And the fuzzy initial condition ,

%(0,1) = (x(0,1,%(0,1)) = (¥, %oy)

X10r] [X; or

([Xz Or] [X: Z:rD (130)
now, solving (12) by using fuzzy Laplace
transformation by two cases, depended on
lower and upper functions:
The equation (13a) with the lower function is
(D%x4(t, 1))
= (P A =P T AL (P T AY) TR T A Xy (B T)
+[PJ7'B,
— PJ 7 A, (Ps] T AZ) TP B, ]u(t)

& (36D %00 (14)
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The equation(13a) with the upper function is u A11
szx—(t r) ( All) Z(
1\
= (P A =P, ] 1A, (P;] 1A, TR A X (G 1) =y A, kg —(k+1)ex (16)
+[P !B, Hence,
— P A, (B A,) TR 1B, Ju(®) Xi(sr) =
—g. (K1), %G ) (15) s (5% '%1 00 + B 11 UG 1))
Zﬁ; A s” +1)x —
Casel: o —L <g1 (ﬁ(s, r),x_z(s, r)))
(The equation(13a) with the lower function)
By using Lemma (2.2) and Laplace < o T K _(kt1)x coc—1
transform on (14) , we get Lico A1 'S ST Kot

(Sxxl (S' I') - 50(_15(0, I') — K .

- YkeoA11 S_(kH)MBnU(S, r)) -
k=0

= (P1]_1A1_P1]_1A2(Pgl_lAz)_1P3]_1A1&(S, r)

+[PJ'B, oAy 5RO £ (gl EACHENG r))>>
—PJ 7 A, (P) 1A,) T P 1B, ]U(s)

We obtain,
—L <g1 (X_1 (s,1), X, (s, r))) Xy (s,1)
Then, o .
= Z K S—kOC—l X
(s* = PJ71A; =P J71A, (P5) 1A, IR TTA X, (s,1) 11 X1or
- k=0
= SLX_1§1 o,r
+[PUB, £ By S5 B UG5,

— P A, (P 1A,) Py 1B, | UG 1)

-L <g1 (X_l(S, 1), %3 (s, r))) - i Ay, s 0= £ (g1 (ﬁ(S. 1), Xz(s, r)))

k=0
We get, &(s, r)

17)
= (s* = PJTT A =P T A, (Ps] TTAR) TR A T By applying the inverse fuzzy Laplace
((s“‘lzlo,r + [P 1By — Py A; (P 1A TP B, IUGs ) transform for (17), one can get,

— k
All tko(
- L(g1 (X_1(s. 1),X,(s, r)))) ﬁ(t, r) = k_om& or
We obtain ,
t— )1 A11 (t_s)kx (s)d
&(S,I‘) ( s) F(koc+ © B jqu(s)ds
k=0
— —~ _ ko
= (SO< _ All)_l ((So(—1§ 1o0r + B 11U(S, I‘)) f (t—s)* 1 k=0Alil(k(; +5)) g (ﬁ(s, r),x_z(s, r)) ds
= Ea,1(A11ta)§1 or
—L{g (X_l(s, r), X, (s, r)) ¢
+ [ (= 9 B (Baa = 99 B yu(s)ds
Where . 0
Kll = P1]_1A1_P1]_1A2(P3]_1A2)_1P3]_1A1 +f (t_ S)a_lE(x,a(Kll(t
0

B =PJ 1B, — PJ71A,(P;]~1A,)"1P,] 1B
11 1] 1 1] 2( 3] 2) 3] 2 . S)a) gl (X_l(s, I‘),X_Z(S, r)) ds

(18a)

Using series expansion to find

(I;,s* — A;;) ", one can get

16
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S o Kuktk“
Where E; ; (A11t%) = Yo T(koc+1)

o 7\11k(t—5)k°<

EoqaA11(t=9)9 =X, T (ke o0)

Now, using the equation(11b) with the lower
function

X (1) = —(Ps] 71A) TP TP A x4 (1)
—(P;J71A,)"1P;] 1B, u(t) (18b)

Case 2:

(The equation (15) with the upper function)
In similar method on equation (15), we get

w K
Apy B _

X (tr) = VA m& or

A _ Nkx
f(t s)* ! ;1(1{(; +S)) B, u(s)ds
k=0

A
f (t—s)e? ;‘1(k(2( v gl(xl(s 1), X, (s, r))ds
k=0

Kllktko( _
LTk +1) X1o0r

1 A11 (t— S)koc
f (t S)(X F(koc Ta ) 1111(5)(15

A
f(t 5yt 11"1(}((2( ::) g1(x1(s, 1), %3(s,1))ds
k=0

= Eq1 (A1t or
t
+ J (t - S)a_lEa,a(Kll(t - S)a) §1111(5)(15
0
NG
S)a_lEot,ot(Kll(t -
$)®) g1(X1(s, 1), %5 (s, 1) )ds(19a)

- I~ Knkth
Where Ey 1 (A11t%) = Yiso I'(koc+1) '
© — k
— Ay (t— S)k(x
EO(,O((All(t —s)%) = m

Now, using The equa (11b) with the upper

function

X, () = = (PR3] 71A,) 1P ] 1A X, (D)
—(P;J71A,)"1P;) " 1B,u(t) (19b)

The general solution depended on equa (18)

and(19) is

Vol.4, No.3, Dec., 2017, pp 12-20

X1 (1), X (6 1)
¢= [_ (1), %t 1)
(Eq1(A11t)xy o

+ [ =9 By (6= 99 B us)ds
0
t
# [ €= D B Bt = 9 81 (051, 55,0 5 B Ry s o
t
_ + [ = D BB - 99 B ryu(s)ds

+ ft(t - S)a_lEa,(x(Kll (t - S)“) gl(x_l(sr I'), X_Z(S' r))cls)
0

(—(P3) " AL) TP TR A Xy (1) — (P) TMAL) M Ps) T Byu(t),
—(P3J 1 A) TR ALK, () — (P T1A,) TR TIB,u(t))

~ . Knktkcc
Where Ea‘a(Ant ) = Xi=o I(kec+1)

— k
o App (t-s)K%
k=0 p(kec+or)

) Ea,a(Kll(t - S)q) = Z

Concluding remark(3.1):
The general solution to the system (9) is given
by
X, (1), X (6 1)
°= [ga, 0,5 1)

(Eoa(By1t)xq o +f (t—= )" Egq(Ay; (t— ) B 1;u(s)ds
[ =9 B = 9981 (560,561 d BBt o
i X (s,1), Xz
_ + f (t = ) Bqo(yy (t — ) Byyu(s)ds
0

+ [ = 9 B By (= 99 8, (] 50, 6 0)dS)
0

0
when the coefficient of equa (10b) equal zero .

Illustrative Example (3.1):
Consider the singular fractional order control
system as follows:

E[D*x(t) + g(t, x(t))] = Ax(t) + Bu(t) ,
t € [0,G] (20)
x(0) =%,0 <x<1

_[2 0 _[-4 0
, suc;4thatE— [0 0] ,A—[O _2] ,
B= [10 o
To calculate the matrices E,A,B Firstly |,
calculate the nonsingular matrix (Ec — A)

det(Es—A)=|[€ 85—[_04 _02”:
|250+4 g|=25+4¢0

suppose c=1, thus,
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- =( -5 5D

10

_[6 e
“lo 21 T 1
0_
2

Then E = (Ec — A)™'E

e 0 [2 o1 _[+ o

= 1 =13 ,
o ol 7|5 o
2

1
i (e
0

S ol

Il
|
|4
=
-
—_—

= (Ec—A)"'B=

S Ol ow

B[4
1fl1ol ~ 15
By definition (2.6), calculate the matrix
B> =[> ] multiply both sides by drazin
0 0
inverse of the matric E. for equation(20) , we
get, EPE[D*x(t) + g(t, x(1))]
= EPAx(t) + EPBu(t)

[(1) 8] ( [D)“Zg] + [gl(xl(t)o, xZ(t)))]) -

.

Then,
[D°‘x1 (©) + g1 (x4 (1), %, (t)))]
0

1()
L(B] [(5; 8] [g]“(t)

- 1G)
-[% 0”2&)

+ [102] u(t)
We obtain ,
D¥x, (1) + g1 (%1 (1), x2 (D))
= —2x, () + 12u(t) (21)
o= 0.5,8;(x1(t),x,(1))) =
Ax,(t),t e RT UO,A € RY,
DOSx, (1) = —2x, (1) + Ax, (1) + 12u(t)  (22)

x(0) = x, , with fuzzy initial condition

Now,suppose

18

50 = ([7] [5557])
=3 3D

Using extended (22) on its lower and upper
function
(D05, (9, D°5%, (1)) = =2 (x,(), %, (1))

+A (gl (t),)_(l(t)) +12u(®  (23)
Case 1:
(The equation(23) with the lower function)
D%Sx; (1) = —2x, (t) + A%, (1) + 12u(®)
X10r = (1+71),thus
D%5x,(t) = (A — 2)x,(t) + 12u(t)
X10r = (1+r1) by fuzzy Laplace transform,
we get,
s¥Xy(s,1) = 5% 'x 10

=- Z)ﬁ(s, r) + U(s), follows
(s = (A= 2))Xy(s,1) = 57%% 100 + U(S)
thus,
X, (1) = (5705 = (A= 2)) 7 (57 101 + U(S))
, by series expansion to find
(s7%° — (A —2))"! ,one can get,
(575 — (=27
= Tio((h = 2)Fs™050D),
then,
X, (s,1)

— Z((A _ Z)ks—o.s(k+1)) (S—O.SK Lor + U(S))

k=0
— Z(O\ _ Z)kS—O.S(k+1)) S—O.S§ Lor

k=0

+ Z(O\ _ Z)ks—o.s(k+1)) U(S)
k=0

— Z((}\ _ z)kS—O.S(k+1)—O.5) X1or

k=0

+ ((}\ _ Z)ks—o.s(k+1)) U(S)
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= > (@=L +1)
k=0

n 2(0\ — 2)kg=05(+DY [j(s)
i=o

Using the inverse fuzzy Laplace transform, we
get
Xl (t, r)

0.5k

=(@+0 ];(0‘ - )" T(0Sk+ 1)

y (t _ S)O.Sk

[0Sk +05) M®)ds

One can get,

X, (t1) = (1 +1)Egs:((A - 2)t)

t
+ J-(t —8) " Eps505((A— 2)(t—s))u(s)ds
0

(24)
Case2:
The equation (23) with the upper functions:
In similar method on equation (23 ), we get
D%, (t) = —2%,(t) + A%, (t) + 12u(t) , one

can get

X, (t1) = 2+ 0)Egs:((A - 2)t)

+ f (t = )5 Eg505((h — 2)(t — s))u(s)ds
0

(25)
The general solution depended on eq (24)
and (25) is
EACHEAY
0

19
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(a+ r)E0A5,1((7\ - Z)t)
t

0

+ =972 Bog0s( - D)= )uE0S)
0
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